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Abstract
We give a brief overview on the successes and theoretical problems of the Standard Model
and discuss TeV-scale supersymmetry and some of recent proposals for physics beyond the
Standard Model and dark matter physics.
Lectures at 2019 IBS-CTPU Summer School on Cosmology
and Particle Physics, 22-26 July, 2019, Daejeon, Korea.
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1 Introduction
We have been determining all the parameters of the Standard Model (SM) for particle physics with
more precision for decades and exploring for signs for new physics that would provide answers to
the fundamental origins of the inner structure. Searches for new physics at the Large Hadron
Collider have been mainly motivated by the solutions for the Higgs mass hierarchy problem, such
as low-scale supersymmetry, composite Higgs models, extra dimensions, etc. Furthermore, the SM
is never complete for many other reasons, among which dark matter and dark energy issues are
most compelling.
Low-scale supersymmetry has given us a unified picture for nature, stabilizing the Higgs mass
as it should be, and unifying the gauge couplings as well as providing a dark matter candidate,
etc. The mass of the discovered Higgs boson and the null results in searches for supersymmetric
particles, however, have cast doubts on the realization of low-scale supersymmetry that we had
expected. Nonetheless, supersymmetry is still an important guideline for physics beyond the SM
in the next decades and it can be considered to be a UV completion in one form or another of
many of new ideas proposed for solving the little hierarchy problem.
In these lectures, we begin with reviewing the basic structure of the SM and making a brief
diagnosis of some of the theoretical problems. The basic concept of supersymmetry is given and
it is applied to the Minimal Supersymmetric Standard Model (MSSM). Some of pros and cons of
the supersymmetric model were addressed and some solutions were given. Then, we continue to
introduce alternative ideas for solving the hierarchy problem, such as extra dimensions, clockwork
mechanism, relaxion models, and twin Higgs models, etc. Finally, although worth a full devotion in
a separate article, we also add a discussion on the production mechanism for the Weakly Interacting
Massive Particles (WIMP), and make a detailed comparison to self-interacting dark matter with
more emphasis on Strongly Interacting Massive Particles (SIMP) and forbidden dark matter.
2 The Standard Model
We give a brief summary of the Standard Model (SM) and the flavor structure after electroweak
symmetry breaking. Focus is given on the presence of nicely protected global symmetries in the
SM, such as B and L numbers. Some reviews on the SM can be found in Ref. [1–3].
2.1 The Standard Model Lagrangian
The Standard Model has SU(3)C × SU(2)L×U(1)Y gauge symmetries, with corresponding gauge
fields, gaµ with a = 1, · · · , 8, W iµ with i = 1, 2, 3 and Bµ. The covariant derivative is
Dµψ =
(
∂µ − 1
2
igSλ
aGaµ −
1
2
igτ iW iµ − ig′Y Bµ
)
ψ (1)
where for a fundamental representation ψ of SU(3)C × SU(2)L, λa are Gell-Mann matrices and
τ i are Pauli matrices. We note that [λ
a
2
, λ
b
2
] = ifabc λ
c
2
, [ τ
i
2
, λ
i
2
] = iijk τ
k
2
, Tr(λaλb) = 2δab and
Tr(τ iτ j) = 2δij.
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Moreover, there are three copies of quarks and leptons and one Higgs doublet, in the following
representations under the SM gauge symmetries:
q =
(
uL
dL
)
= (3, 2)+ 1
6
, uR = (3, 1)+ 2
3
, dR = (3, 1)− 1
3
, (2)
l =
(
νL
eL
)
= (1, 2)− 1
2
, eR = (1, 1)−1, (3)
and
H =
(
φ+
φ0
)
= (1, 2)+ 1
2
. (4)
Here, the electromagnetic charge is given by Q = τ 3 + Y . Then, the Lagrangian for the SM is
LSM = LH + LG + LF + LY , (5)
with
LH = |DµH|2 −m2H |H|2 − λH |H|4, (6)
LG = −1
2
Tr(GµνG
µν)− 1
2
Tr(WµνW
µν)− 1
4
BµνBµν (7)
LF = iq¯L /DqL + iu¯R /DuR + id¯R /DdR + il¯L /DlL + ie¯R /DeR, (8)
LY = −ydq¯LdRH − yuq¯LuRH˜ − yel¯LeRH + h.c. (9)
where /DqL = γ
µDµqL, etc, and H˜ = iτ
2H∗. Here, the field strength tensors are Gµν = ∂µGν −
∂νGµ + igS[Gµ, Gν ] for Gµ =
1
2
λaGaµ, Wµν = ∂µWν − ∂νWµ + ig[Wµ,Wν ] for Wµ = 12τ iW iµ and
Bµν = ∂µBν−∂νBµ. We note that the SU(2)L invariants are expanded such as q¯LH = u¯Lφ++d¯Lφ0,
etc.
From the minimization of the Higgs potential, the VEV of the Higgs field is given by
v =
√
2〈|H|〉 =
√
−m
2
H
λH
. (10)
Then, W and Z bosons receive masses,
m2W =
1
4
g2v2, m2Z =
1
4
(g2 + g′2)v2. (11)
Here, the Higgs VEV is determined to be v = 246 GeV by the measurement of the Fermi constant
with the following relation,
GF√
2
=
g2
8m2W
=
1
2v2
(12)
where GF = 1.16639 × 10−5 GeV−2 is given by the muon decay, µ → eν¯eνµ. On the other hand,
for H = 1√
2
(0, v + h)T , the Higgs boson mass determines the Higgs mass parameter by
mh =
√
2λH v =
√
2|mH | = 125 GeV. (13)
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2.2 Flavor structure
After electroweak symmetry breaking, the Yukawa couplings for fermions determine mass matrices
for quarks and leptons,
Lmass = −u¯iLmu,ijujR − d¯iLmd,ijdjR − e¯iLme,ijejR + h.c. (14)
with
mu,ij =
1√
2
yu,ij v, md,ij =
1√
2
yd,ij v, me,ij =
1√
2
ye,ij v. (15)
In this case, the original flavor symmetries in the quark sector are broken to global baryon symmetry
U(1)B as
U(3)q × U(3)u × U(3)d → U(1)B. (16)
As a result, there are 26 broken generators, leaving 9 physical parameters among 18 + 18 in yu and
yd: 6 quark masses and 3 mixing angles and one CP phase.
We can diagonalize the fermion mass matrices by bi-unitary transformations to
mdiagu = VuLmuV
†
uR, m
diag
d = VdLmuV
†
dR, m
diag
e = VeLmuV
†
eR, (17)
with mass eigenstates being
f ′Li = (VfL)ijfLj, f
′
Ri = (VfR)ijfRj. (18)
As a result, the charged current weak interactions for quarks become
g
2
q¯iγ
µ(W 1µτ
1 +W 2µτ
2)qi =
g√
2
(u¯′L, c¯
′
L, t¯
′
L)γ
µW+µ VCKM
 d′Ls′L
b′L
+ h.c. (19)
where W±µ = (W
1
µ∓ iW 2µ)/
√
2 and VCKM is the Cabibbo-Kobayashi-Maskawa (CKM) matrix, given
by
VCKM = VuLV
†
dL. (20)
Thus, charged current weak interactions are the only flavor changing interactions in the SM.
On the other hand, the neutral current interactions for quarks come from both SU(2)L and
U(1)Y couplings as
q¯iγ
µ
(g
2
τ 3W 3µ + g
′YqBµ
)
qi + g
′u¯RiγµYuBµuRi + g′d¯RiγµYdBµdRi
=
g
2 cos θW
Zµ
(
u¯iγ
µ(vu − auγ5)ui + d¯iγµ(vd − adγ5)di
)
+ eQuAµu¯iγ
µui + eQdAµd¯iγ
µdi
=
g
2 cos θW
Zµ
(
u¯′iγ
µ(vu − auγ5)u′i + d¯′iγµ(vd − adγ5)d′i
)
+ eQuAµu¯
′
iγ
µu′i + eQdAµd¯
′
iγ
µd′i
(21)
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with vu =
1
2
(1 − 4|Qu| sin2 θW ), vd = −12(1 − 4|Qd| sin2 θW ), au = −ad = 12 . Here, the Weinberg
mixing angle is introduced as W 3µ = Zµ cos θW +Aµ sin θW and Bµ = −Zµ sin θW +Aµ cos θW , and
the electroweak gauge couplings are related to the electromagnetic coupling by e = g sin θW =
g′ cos θW . Therefore, there is no Flavor Changing Neutral Currents (FCNC) for quarks at tree
level in the SM, thanks to the Glashow-Iliopoulos-Maiani (GIM) mechanism.
Similarly, the charged current weak interactions for leptons are
g
2
l¯iγ
µ(W 1µτ
1 +W 2µτ
2)li =
g√
2
(ν¯ ′eL, ν¯
′
µL, ν¯
′
τL)γ
µW+µ UPMNS
 e′Lµ′L
τ ′L
+ h.c. (22)
where UPMNS is the Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix, given by
UPMNS = VνLV
†
eL. (23)
When the charged lepton matrix is diagonal, UPMNS = VνL is just the mixing matrix for neutrinos.
The neutral current interactions for leptons are similarly given by
l¯iγ
µ
(g
2
τ 3W 3µ + g
′YlBµ
)
li + g
′e¯RiγµYeBµeRi
=
g
2 cos θW
Zµ
(
e¯iγ
µ(ve − aeγ5)ei + ν¯iγµ(vν − aνγ5)νi
)
− eAµe¯iγµei
=
g
2 cos θW
Zµ
(
e¯′iγ
µ(ve − aeγ5)e′i + ν¯ ′iγµ(vν − aνγ5)ν ′i
)
− eAµe¯′iγµe′i (24)
where ve =
1
2
(−1 + 4 sin2 θW ), ae = −12 , and vν = aν = 12 . Again there is no FCNC for leptons at
tree level.
The Standard Model has global symmetries respected at the level of dimension-4 operators,
that are U(1)B and U(1)L associated with baryon and lepton numbers, respectively. B =
1
3
is
assigned for quarks and L = 1 for leptons. There are no masses for neutrinos in the SM, so it is
necessary to extend the SM with new interactions and/or particle content.
3 Problems in the Standard Model
We discuss the problems and challenges in the SM, focusing on hierarchy problem, vacuum insta-
bility problem, flavor problem, gauge coupling unification, strong CP problem, L and B number
violations, and cosmological constant problem. There are other important issues such as dark
matter, baryon asymmetry, inflation, and quantum gravity, etc. Dark matter issue will be touched
upon in the later chapter. Reviews and discussions on naturalness problems can be found in
Ref. [4], and some of recent lectures on physics beyond the Standard Model (BSM) are listed in
Ref. [5].
3.1 Dimension-2: Hierarchy problem
The hierarchy problem consists in the huge hierarchy between the Planck mass MPl ∼ 1018 GeV
and the Higgs mass parameter |mH | ∼ 100 GeV. This problem becomes manifest in the one-loop
4
correction to the dimension-2 Higgs mass parameter due to top loops, as follows,
∆m2H = −
Ncy
2
t
8pi2
Λ2 + · · · (25)
with Λ being the UV cutoff for the loop momentum and typically of order MPl.
Moreover, if a heavy particle couples to the Higgs doublet, it corrects the Higgs mass parameter
a lot. For instance, suppose that a heavy scalarX with massMX has a quartic coupling to the Higgs
doublet by Lint = −12λHXX2|H|2. Then, the one-loop correction to the Higgs mass parameter in
dimensional regularization is
∆m2H =
λHX
16pi2
M2X ln
M2X
µ2
. (26)
When a right-handed neutrino νR with massMR couples to the Higgs doublet by Lint = −yN l¯LH˜νR+
h.c., it also contributes to the Higgs mass parameter as
∆m2H =
y2N
4pi2
M2R ln
M2R
µ2
. (27)
Therefore, unless λHS or yN is small, M or MR much larger than the weak scale leads to a tuning
in choosing a correct Higgs mass parameter.
The simple solutions to the hierarchy problem include low-energy supersymmetry, compos-
ite Higgs models (including twin Higgs models), and extra dimensions. Recently, relaxion and
clockwork mechanisms are newly proposed too. This issue will be dealth with in the later chapter.
3.2 Dimension-4: Vacuum instability problem
The measured Higgs mass infers the Higgs quartic coupling to be λH = 0.13 at the electroweak
scale. The Yukawa coupling for top quark is determined to yt =
√
2mt/v by the top quark mass.
The Higgs quartic couplings runs at high energies, with renormalization group equations at one
loop,
(4pi)2
dλH
d lnµ
=
(
12y2t − 3g′2 − 9g2
)
λH − 6y4t +
3
8
[
2g4 + (g′2 + g2)2
]
+ 24λ2H , (28)
(4pi)2
dyt
d lnµ
= yt
(9
2
y2t − 8g23 −
9
4
g2 − 17
12
g′2
)
. (29)
Thus, the running quartic coupling at high energy depends on the top Yukawa coupling at low
energy. We also note that the Higgs mass parameter runs according to
(4pi)2
dm2H
d lnµ
=
(
12λH + 6y
2
t −
9
2
g2 − 3
2
g′2
)
m2H . (30)
Moreover, the Higgs potential is corrected by one-loop Coleman-Weinberg(CW) in MS scheme,
given by
V (h) =
1
2
m2H(µ)h
2 +
1
4
λH(µ)h
4 + VCW(h) (31)
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with
VCW(h) =
∑
α
NαM
4
α
64pi2
[
ln
M2α
µ2
− Cα
]
(32)
where α = {Z,W, t, h,G} for gauge bosons, top quark, Higgs and Goldstones, respectively, with
Nα = {3, 6,−12, 1, 3}. Here, Higgs-dependent masses are M2Z = (g2 + g′2)h2/4, M2W = g2h2/4,
M2t = y
2
t h
2/2, M2h = 3λHh
2 + m2H , and M
2
G = λHh
2 + m2H , and Cα =
3
2
for fermions or scalars
and Cα =
5
6
for gauge bosons. For the RG-improved effective potential at higher loops, we need
to replace h in the effective potential by the renormalized one, eΓ(h) h, with Γ(h) =
∫ h
mt
γh(µ)d lnµ
where γh ≡ d lnh/d lnµ is the anomalous dimension of the Higgs field.
For h  v, we need to take into account the minimization of logarithms in the Coleman-
Weinberg potential, because the n-loop expansion is valid for αn+1[ln(h2/µ2)]n ≤ 1 with α =
max(λH , g
2, g′2, y2t )/(4pi). Thus, we choose the renormalization scale to µ = h, so the effective
potential at h  v is dominated by the quartic potential with the effective quartic coupling, as
follows,
V (h) ≈ 1
4
λH,eff(h)h
4, (33)
with
λH,eff(h) = λH(h) +
∑
α
NαM
4
α
64pi2h4
[
ln
M2α
h2
− Cα
]
(34)
where λH(h) is the running quartic coupling with µ being replaced by the Higgs field.
Ignoring the CW contributions to the Higgs quartic coupling, the running quartic coupling at
h v is given by
λH(h) = λH(v) +
1
16pi2
[
− 12m
4
t
v4
+
3
16
(
2g4 + (g′2 + g2)2
)
+O(λ2H)
]
ln
h2
v2
. (35)
Then, for λH(ΛI) = 0, we obtain
λH(v) =
m2h
2v
=
1
16pi2
[
12m4t
v4
− 3
16
(
2g4 + (g′2 + g2)2
)]
ln
Λ2I
v2
. (36)
Therefore, the Higgs quartic coupling turns to a negative value above ΛI = 10
11 GeV for mh =
125 GeV and mt = 173 GeV, so there could be a deep minimum at large Higgs field values,
destabilizing the electroweak minimum [6]. This is called the vacuum instability problem.
A simple solution to the vacuum instability problem is to introduce an extra quartic coupling
between the Higgs doublet and a singlet scalar field S [7], as in the following,
∆V = 2λHS|H|2|S|2 + λS|S|4. (37)
In this case, the extra quartic coupling has two effects for the vacuum stability: one is to modify
the renormalization group equations by adding a positive contribution to the beta function of λH
6
and lifting up the running Higgs quartic coupling to positive values at high energy, as follows,
(4pi)2
dλH
d lnµ
=
(
12y2t − 3g′2 − 9g2
)
λH − 6y4t +
3
8
[
2g4 + (g′2 + g2)2
]
+ 24λ2H + 4λ
2
HS, (38)
(4pi)2
dλHS
d lnµ
=
1
2
(
12y2t − 3g′2 − 9g2
)
λHS + 4λHS(3λH + 2λS) + 8λ
2
HS, (39)
(4pi)2
dλS
d lnµ
= 8λ2HS + 20λ
2
S. (40)
Another more important effect is to make a tree-level shift in the running quartic coupling due to
the threshold effect in the presence of the singlet VEV 〈S〉 = w/√2 [7]. After diagonalizing the
mass matrix for the singlet and Higgs bosons,
M2 = 2
(
λHv
2 λHSvw
λHSvw λSw
2
)
, (41)
the mass eigenvalue of the lightest scalar is given by
m2h = 2v
2
[
λH − λ
2
HS
λS
+O
( v2
w2
)]
. (42)
Then, the running Higgs quartic coupling has a shift at tree level by λH = 0.13 +
λ2HS
λS
, at the
electroweak scale, so it remains positive after the RG evolution to high energy.
Problem: Check explicitly the scalar threshold corrections to the running quartic coupling.
As will be discussed in the later chapter, in low-energy supersymmetry, the Higgs quartic
coupling is given in terms of electroweak gauge couplings and remains positive all the way to the
unification scale. So, there is no vacuum instability problem.
3.3 Dimension-4: Flavor problem
There are hierarchies in quark and charged lepton masses in the SM:
mdiagu =
 mu 0 00 mc 0
0 0 mt
 = mt
 10−5 0 00 10−3 0
0 0 1
 , (43)
mdiagd =
 md 0 00 ms 0
0 0 mb
 = mb
 10−3 0 00 10−2 0
0 0 1
 , (44)
and
mdiage =
 me 0 00 mµ 0
0 0 mτ
 = mτ
 10−3 0 00 10−1 0
0 0 1
 . (45)
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Moreover, the CKM mixing matrix are almost diagonal as
VCKM =
 Vud Vus VubVcd Vcs Vcb
Vtd Vts Vtb
 ≈
 0.974 0.225 0.00360.225 0.974 0.041
0.009 0.040 0.999
 . (46)
The CP violation in the quark sector is parametrized by the Jarlskorg invariant J where Im(VijVklV
∗
ilV
∗
kj) =
J
∑
m,n ikmjln, and the measured value of J is J = (3.18± 0.15)× 10−5.
Furthermore, the neutrino oscillation data determine the differences between neutrino masses
and mixing matrix at best fit, as follows [8],
|∆m221| = 7.37× 10−5 eV2, (47)
|∆m223| = 2.54× 10−3 eV2, (48)
and
UPMNS =
 c12c13 s12c13 s13e−iδ−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13
×
× diag(1, eiα21/2, eiα31/2) (49)
where sin2 θ12 = 0.297, sin
2 θ23 = 0.425(0.589), sin
2 θ13 = 0.0215(0.0216) for ∆m
2
23 < 0: normal
hierarchy (∆223 > 0: inverted hierarchy), and δ/pi = 1.38(1.31). The upper bound on the absolute
neutrino mass is obtained from the spectrum of electrons near the end point in the 3H β-decay
experiments. The Troitzk experiment set the limit mν¯e < 2.05 eV at 95% CL, and the upcoming
KATRIN can reach sensitivity of mν¯e ∼ 0.20 eV. The CMB data as well as BAO set the upper
limit on the sum of neutrino masses,
∑
jmνj < 0.170 eV at 95% CL.
The flavor problem is about the hierarchical patterns of fermion masses and the mixing patterns
of quarks and leptons. In particular, neutrino masses are much lighter than any of quarks and
leptons, mνj/ml,q . 10−6. The flavor problem is originated from the dimension-4 Yukawa couplings
for quarks and leptons, and partly from the dimension-5 operators for neutrino masses.
3.4 Dimension-4: Gauge coupling unification
There are three independent gauge couplings, gS, g, g
′, for strong, weak and hypercharge (or elec-
tromagnetic) interactions in the SM, respectively. The measured values of the gauge couplings at
low energy are g(mt) = 0.64, g
′(mt) = 0.35 and gS(mt) = 1.16. The gauge couplings in the SM
run in energy by the RG equations,
dα−1i
d lnµ
= − bi
2pi
, i = 1, 2, 3, (50)
where αi =
g2i
4pi
with g1 =
√
5
3
g′, g2 = g and g3 = gS, and bi are the corresponding beta function
coefficients, bi = (
41
10
,−19
6
,−7). But, the gauge couplings do not quite unify even at high scales, so
we need to extend the SM for gauge coupling unification.
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Problem: The definition for the beta function coefficient is
b = −11
3
C2(G) +
1
3
C(rS) +
2
3
C(rF ) (51)
where the quadratic Casimirs are C2(G) = N for SU(N) and C2(G) = 0 for U(1), and C(r) is
the Dynkin index for the representation r (for instance, C(r) = 1
2
(N) for a fundamental(adjoint)
representation of SU(N)), and rS(rF ) stands for the representation of a complex scalar (Weyl
fermion). Then, evaluate the beta function coefficients for gauge couplings in the SM.
3.5 Dimension-4: Strong CP problem
The QCD Lagrangian has an additional gauge-invariant term, the so called θ term,
Lθ = θ g
2
32pi2
GaµνG˜
µν
a (52)
with G˜µνa =
1
2
µµρσGaρσ. It turns out that the θ term is a total derivative,
g2
32pi2
GaµνG˜
µν
a = ∂µK
µ (53)
with
Kµ =
g2
32pi2
µνρσGaν
[
Gaρσ −
g
3
fabcGbρG
c
σ
]
. (54)
Therefore, the θ term does not affect the local QFT properties, but there is a vacuum gauge
configuration with a nontrivial topological (winding) number, n 6= 0, due to
g2
32pi2
∫
d4xGaµνG˜
µν
a =
∫
dSµKµ = n (55)
with n being integer. The non-perturbative effects are proportional to e−c/g
2
so only the QCD θ
term is important. Indeed, the QCD θ term contributes to neutron electric dipole moment (EDM)
as
dn =
e
Λ2QCD
mumd
mu +md
θ < 3.0× 10−26 e cm, (56)
which sets the limit to |θ| < 10−10. This is the strong CP problem. The axion is a dynamical
solution to the strong CP problem [9–11].
Problem: Show that FµνF˜
µν for a U(1) gauge theory is a total derivative. Also show that the
QCD θ term is a total derivative.
3.6 Dimension-5: Lepton number violation
In the SM, neutrinos are massless at the level of dimension-4 operators, so we need to introduce
the Weinberg operator for neutrino masses at dimension-5 level,
Ldim−5 = −cij
M
(lci iτ
2H)(ljiτ
2H) + h.c. (57)
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where cij is a 3× 3 antisymmetric complex matrix. Then, the above dimension-5 operator violates
the lepton number by two units. After electroweak symmetry breaking, the above interactions
lead to Majorana neutrino mass terms, Lν = −mννcν + h.c. with mν,ij = cijv
2
M
, which is less than
0.1 eV, resulting in the following lower limit, M/|cij| > 1014 GeV. Therefore, for |cij| = O(1), new
physics scale is of order 1014 GeV.
In the presence of charged lepton Yukawa couplings and Majorana neutrino masses, the original
flavor symmetries U(3)l×U(3)e in the lepton sector are broken completely. So, there are 18 broken
generators, leaving 12 physical parameters among 18 + 12 in ye and c: 6 masses, 3 mixing angles
and 3 CP phases.
3.7 Dimension-6: Baryon number violation
The dimension-6 operators for B/L violations in the SM are
Ldim−6 = 1
M2
(y21qqql + y
2
2u
cecucdc) +
g2
M2
(dc ucql − ec ucqq). (58)
From the proton lifetime,
τ(p→ e+pi0) ∼ M
4
g4m5p
> 1.6× 1034 yrs, (59)
we obtain the bound, M/g & 1016 GeV. Similarly, from the proton lifetime,
τ(p→ K+ν) ∼ M
4
y41m
5
p
> 5.9× 1033 yrs, (60)
we obtain the bound, M/y1 & 1015 GeV. As a result, the B/L number conservation should be
maintained up to 1015 − 1016 GeV, depending on the underlying physics.
3.8 Dimension-0: Cosmological constant problem
The Lagrangian for Einstein gravity contains the cosmological constant Λ,
SE =
∫
d4x
√−g
( 1
16piG
R− Λ + LSM
)
. (61)
The observation constrains the cosmological constant to be Λ
1/4
obs ∼ 10−3 eV while the theoretical
prediction for Λ in the SM is Λ
1/4
th ∼MPl. So, the disparity associated with
Λobs
Λth
∼ 10−120, (62)
is the cosmological constant problem. Furthermore, all the unrelated components such as zero-
point energies due to particles and the potential changes during phase transitions (QCD and
electroweak phase transitions) contribute to the cosmological constant, which is somehow designed
to vanish.
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4 Supersymmetry
We review the supersymmetry (SUSY) algebra, the SUSY spectrum, and SUSY transformations,
and discuss the construction of supersymmetric theories in terms of superfields in superspace.
Discussion on SUSY and notations are based on Wess and Bagger [12].
4.1 SUSY algebra
Supersymmetry is a symmetry between bosons and fermions, the maximal extension of spacetime
symmetry. It might be manifest at high energy beyond the Standard Model (SM) or emergent at
low energy as new phases of matter or optical properties. Supersymmetry is endowed by string
theory as the best candidate for quantum theory of gravity and it is a solution to the hierarchy
problem in the SM.
4.1.1 Coleman-Mandula theorem
The assumptions for no-go theorem of Coleman and Mandula are:
1. Existence of S-matrix at almost all energies in local relativistic QFT in 4D.
2. The number of different particles associated with one-particle states of a given mass is finite.
3. There is an energy gap between vacuum and one-particle states.
⇒ The most general Lie algebra of symmetry operators that commute with S-matrix consists of
the generators Pm and Mmn of the Poincare´ group, and ordinary internal symmetry generators
Bl. The latter act on one-particle states with matrices that are diagonal and independent of both
momentum and spin. Here, there are only possible bosonic conserved quantities.
4.1.2 Graded Lie algebra
SUSY algebra (or superalgebra) is the only graded Lie algebra of symmetries of the S-matrix
consistent with relativistic QFT. It extends the Poincare´ group by anti-commutators, given in
Weyl representation by
{Qα, Qβ} = 0, {Qα, Q¯β˙} = 2(σm)αβ˙Pm, (63)
[Qα, Pm] = 0, (64)
[Qα,Mmn] =
1
2
(σmn)α
β Qβ (65)
where σm = (1, ~σ) and σmn = 1
2
[σm, σn]. Then, the Hamiltonian is given by
H = P0 =
1
4
∑
α
{Qα, Q†α}. (66)
The consequences of the SUSY algebra are:
1. Hamiltonian is non-negative. Ground-state energy vanishes for unbroken SUSY.
2. SUSY operator changes the spin of a state by 1
2
.
3. [H,Qα] = [H,Q
†
α] = 0 implies the same masses for boson and fermion.
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There are nice discussion and review articles on the essence of SUSY in the version of quantum
mechanics [13,14].
4.2 SUSY spectrum
1. Massive one-particle states with P 2 = −M2.
In the rest frame of a massive particle, for which Pµ = (−m, 0), the SUSY algebra becomes
{Qα, Q¯β˙} = −2mσ0αβ˙ = 2mδα,β˙, (67)
{Qα, Qβ} = {Q¯α˙, Q¯β˙} = 0. (68)
Then, redefining the SUSY operators as
aα ≡ 1√
2m
Qα, a
†
α =
1√
2m
Q¯α˙, (69)
we rewrite the SUSY algebra as the one for a fermionic harmonic oscillator,
{aα, a†β} = δαβ, (70)
{aα, aβ} = {a†α, a†β} = 0. (71)
Suppose that |Ωj〉 is the Clifford vacuum with spin j, which is (2j+ 1)-dimensional representation
of SU(2), satisfying aα|Ωj〉 = 0. Then, we can construct two excited states from the Clifford
vacuum by
a†α|Ωj〉, (72)
1√
2
a†αa
†
β|Ωj〉 =
1
2
√
2
(a†αa
†
β − a†βa†α)|Ωj〉. (73)
Then, a massive matter multiplet is composed of (j, j+ 1
2
, j− 1
2
, j). For instance, for j = 0, we have
two states of spin-0 (or one complex scalar) and one state of spin-1
2
(or one Majorana fermion).
For j = 1
2
, we have a massive vector multiplet, composed of one state of spin-0, one state of spin-1
2
and one state of spin-1.
2. Massless one-particle states with P 2 = 0.
Taking a light-cone coordinate for a massless particle, for which Pµ = (−P, 0, 0, P ), the SUSY
algebra becomes
{Qα, Q¯β˙} = 2E(−σ0αβ˙ + σ3αβ˙) = 4E
(
1 0
0 0
)
, (74)
{Qα, Qβ} = {Q¯α˙, Q¯β˙} = 0. (75)
As a result, redefining the SUSY operators as
aα ≡ 1√
4E
Q1, a
†
α ≡
1√
4E
Q1˙, (76)
the SUSY algebra becomes
{a1, a†1} = 1, (77)
{a2, a†2} = {aα, aβ} = {a†α, a†β} = 0. (78)
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Then, the half of the SUSY generators become totally anti-commuting. Suppose that |Ωλ〉 is the
lowest helicity state such that a1|Ωλ〉 = 0. Then, the excited states are constructed by
a†1|Ωλ〉. (79)
Then, a massless multiplet is composed of (λ, λ+ 1
2
). For instance, for λ = −1
2
, we have states of
helicities, −1
2
and 0. In this case, obtaining states of helicities, 0 and +1
2
, for λ = 0 and adding
them as a CP conjugate, we can make a massless matter multiplet with one state of spin-0 and
one state of spin-1
2
. For λ = −1 and λ = 1
2
, we can also make a massless vector multiplet with one
state of spin-1 and one state of spin-1
2
. Furthermore, for λ = −2 and λ = 3
2
, we have a massless
graviton multiplet with one state of spin-2 and one state of spin-3
2
(gravitino).
4.3 SUSY transformations
Introduce anti-commuting SUSY transformation parameters, ξα, ξ¯α˙, satisfying
{ξα, ξβ} = {ξα, Qβ} = · · · = [Pm, ξα] = 0. (80)
From ξQ = ξαQα and ξ¯Q¯ = ξ¯α˙Q¯
α˙, the SUSY algebra becomes
[ξQ, ξ¯Q¯] = 2ξσmξ¯Pm, (81)
[ξQ, ξQ] = [ξ¯Q¯, ξ¯Q¯] = 0, (82)
[Pm, ξQ] = [Pm, ξ¯Q¯] = 0. (83)
Infinitesimal SUSY transformations of component fields are
δξA = (ξQ+ ξ¯Q¯)× A, (84)
δξψ = (ξQ+ ξ¯Q¯)× ψ. (85)
The SUSY algebra requires two sequential SUSY transformations to satisfy the closure relation,
(δξδη − δηδξ)A = 2(ησmξ¯ − ξσmη¯)PmA
= −2i(ησmξ¯ − ξσmη¯)∂mA, (86)
which is nothing a total derivative. There is a similar closure relation for δξψ.
Off-shell SUSY contains A,ψ as well as auxiliary field F , with the corresponding SUSY trans-
formations,
δξA = (ξQ+ ξ¯Q¯)× A =
√
2ξψ, (87)
δξψ = (ξQ+ ξ¯Q¯)× ψ = i
√
2σmξ¯∂mA+
√
2ξF, (88)
δξF = (ξQ+ ξ¯Q¯)× F = i
√
2σ¯m∂mψ. (89)
Then, we can check that the closure relations for the above SUSY transformations are satisfied.
The auxiliary field F is the component field of highest dimension, because it transforms up to a
total derivative, not changing into a higher spin state.
Problem: Verify the closure relations for eqs. (87)-(89).
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The SUSY Lagrangian for a massive supersymmetric multiplet with spin-0 and spin-1
2
states is
given by
LSUSY = L0 + Lm (90)
with
L0 = i∂nψ¯σ¯nψ + A∗A+ F ∗F, (91)
Lm = m
(
AF + A∗F ∗ − 1
2
ψψ − 1
2
ψ¯ψ¯
)
. (92)
The component field have mass dimensions, [A] = 1, [ψ] = 3
2
and [F ] = 2. We note that the
equation for F leads to the mass for A, which is the same as the mass for ψ, and the fermion
kinetic term is equivalent to −iψ¯ σ¯n∂nψ up to a total derivative.
4.4 Superfields
There is a group element corresponding to the SUSY transformation,
G(x, θ, θ¯) = ei(−x
mPm+θQ+θ¯Q¯). (93)
Then, using the Hausdorff’s formula, eA eB = eA+B+
1
2
[A,B]+···, the product of SUSY transformations
(the left multiplication) is given by
G(0, ξ, ξ¯)G(xm, θ, θ¯) = G(xm + iθσmξ¯ − iξσmθ¯, θ + ξ, θ¯ + ξ¯). (94)
Therefore, the net effect is a translation in the normal coordinates, as well as translations in the
anti-commuting parameters,
xm → xm + iθσmξ¯ − iξσmθ¯, (95)
θ → θ + ξ, (96)
θ¯ → θ¯ + ξ¯. (97)
We call (xm, θ, θ¯) the superspace, including both the normal and anti-commuting coordinates, so
the above coordinate transformation correspond to motion in superspace.
The corresponding differential operator for the SUSY transformation is ξQ+ ξ¯Q¯, with
Qα =
∂
∂θα
− iσmαα˙θ¯α˙∂m, (98)
Q¯α˙ =
∂
∂θ¯α˙
+ iθασm
αβ˙
β˙α˙∂m, (99)
or
Q¯α˙ = − ∂
∂θ¯α˙
+ iθασmαα˙∂m. (100)
Then, we can check explicitly that {Qα, Q¯α˙} = 2iσmαα˙∂m and {Qα, Qβ} = {Q¯α˙, Q¯β˙} = 0. But, as
Pm = −i∂m, the differential operators, Qα and Q¯α˙ do not satisfy the SUSY algebra. Thus, instead
we need to take the right multiplication of elements for the SUSY transformation to get
G(xm, θ, θ¯)G(0, ξ, ξ¯) = G(xm − iθσmξ¯ + iξσmθ¯, θ + ξ, θ¯ + ξ¯), (101)
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resulting in SUSY covariant derivatives,
Dα =
∂
∂θα
+ iσmαα˙θ¯
α˙∂m, (102)
D¯α˙ = − ∂
∂θ¯α˙
− iθασmαα˙∂m, (103)
which satisfies the SUSY algebra, {Dα, D¯α˙} = −2iσmαα˙∂m and {Dα, Dβ} = {D¯α˙, D¯β˙} = 0, and
anti-commutators with Qα and Q¯α˙ vanish.
Superfields F (x, θ, θ¯) are functions of superspace, z = (xm, θ, θ¯). Then, F1 + F2 + · · · and
F1F2 · · · are superfields too.
Chiral superfields Φ satisfy the constraint, D¯α¯Φ = 0. Under the coordinate transformation by
ym = xm + iθσmθ¯,
θ′ = θ, θ¯′ = θ¯, (104)
we can show that the SUSY covariant derivatives become
Dα =
∂
∂θ′α
+ 2iσmαα˙θ¯
′α˙ ∂
∂ym
, (105)
D¯α˙ = − ∂
∂θ¯′α˙
. (106)
As a result, the chiral constraint implies that Φ = Φ(ym, θ′) = Φ(ym, θ).
Problem: Check eqs. (105) and (106).
In turn, the chiral superfields are expanded in the basis of (xm, θ, θ¯) as
Φ = Φ(ym, θ)
= A(y) +
√
2θψ(y) + θθF (y)
= A(x) + iθσmθ¯ ∂mA(x) +
1
4
θθθ¯θ¯A(x)
+
√
2θψ(x)− i√
2
θθ∂mψσ
mθ¯ + θθF (x) (107)
with ym = xm + iθσmθ¯. In this superfield notation, the auxiliary field F (x) appears explicitly as
the component field of highest dimension. Similarly, an anti-chiral superfield Φ† satisfy DαΦ† = 0,
meaning that Φ† = Φ†(y†m, θ¯) with y†m = xm − iθσmθ¯. Thus, it is also expanded as
Φ† = A∗(y†) +
√
2θ¯ψ¯(y†) + θ¯θ¯F ∗(y†)
= A∗(x)− iθσmθ¯ ∂mA∗(x) + 1
4
θθθ¯θ¯A∗(x)
+
√
2θ¯ψ¯(x) +
i√
2
θ¯θ¯θσm∂mψ¯(x) + θθF
∗(x). (108)
Products of chiral superfields are still a chiral superfield. Some products are expanded as
ΦiΦj = Ai(y)Aj(y) +
√
2θ(ψi(y)Aj(y) + ψj(y)Ai(y))
+θθ
(
Ai(y)Fj(y) + Aj(y)Fi(y)− ψi(y)ψj(y)
)
, (109)
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ΦiΦjΦj = Ai(y)Aj(y)Ak(y) +
√
2θ(ψi(y)Aj(y)Ak(y) + ψj(y)Ai(y)Ak(y) + ψk(y)Ai(y)Aj(y))
+θθ
(
Ai(y)Fj(y)Ak(y) + Aj(y)Fi(y)Ak(y) + Ak(y)Fi(y)Aj(k)
−ψi(y)ψj(y)Ak(y)− ψj(y)ψk(y)Ai(y)− ψk(y)ψi(y)Aj(y)
)
. (110)
Then, as the additional terms from the expansion of y vanish, the coefficients of the θθ terms
depend on x and is of the highest dimension, providing the SUSY invariant Lagrangian up to a
total derivative.
The product of chiral and anti-chiral superfields is given by
Φ†iΦj = (A
∗
i (y
†) +
√
2θ¯ψ¯i(y
†) + θ¯θ¯F ∗(y†)i)(Aj(y) +
√
2θψj(y) + θθFj(y))
= · · ·+ θθθ¯θ¯
[
− 1
2
∂mA∗i∂mAj +
1
4
AjA∗i +
1
4
A∗iAj
+
1
2
i∂nψjσ
nψ¯i − 1
2
iψjσ
n∂nψ¯i + F
∗
i Fj
]
. (111)
Then, the coefficient of the θθθ¯θ¯ term, the D-term, is of highest dimension, becoming SUSY
invariant up to a total derivative.
We keep the coefficients of highest dimension in the above products as the supersymmetric
invariant Lagrangian, as they transform as a total derivative only under SUSY transformations.
For instance, the polynomials of chiral superfields are still superfields, so the component of highest
dimension appears in θθ whereas Φ†iΦi leads to the component of highest dimension in θθθ¯θ¯.
Therefore, the most general SUSY renormalizable Lagrangian for chiral superfields is
LΦ = Φ†iΦi|θθθ¯θ¯ +
(
1
2
mijΦiΦj +
1
3
gijkΦiΦjΦk + λiΦi
)∣∣∣∣
θθ
+ h.c.
= L0(A→ Ai, ψ → ψi, F → Fi)
+mij
(
AiFj − 1
2
ψiψj
)
+ gijk(AiAjFk − ψiψjAk) + λiFi + h.c.. (112)
We note that the alternative notations can be used for the SUSY Lagrangian with the integration
over the fermionic coordinates,
LΦ =
∫
d2θd2θ¯Φ†iΦi +
∫
d2θ
(
1
2
mijΦiΦj +
1
3
gijkΦiΦjΦk + λiΦi
)
+ h.c.. (113)
The Euler equations for auxiliary fields Fi are
∂LΦ
∂Fk
= F ∗k + λk +mikAi + gijkAiAj = 0. (114)
Then, plugging the solution for Fk in the Lagrangian, we obtain the F-term potential,
VF = −F ∗kFk − (λk +mikAi + gijkAiAj)Fk + h.c.
= F ∗kFk
= |λk +mikAi + gijkAiAj|2 ≥ 0. (115)
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Introducing the superpotential W as a holomorphic function of Φi,
W (Φ) =
1
2
mijΦiΦj +
1
3
gijkΦiΦjΦk + λiΦi, (116)
we can obtain the Lagrangian for chiral superfields in terms of the F-term potential and the fermion
bilinear terms as
LΦ = L0 + Lψ2 − VF (117)
with
VF =
∑
i
∣∣∣∂W
∂Φi
∣∣∣2, (118)
Lψ2 = −1
2
∑
i,j
∂2W
∂ΦiΦj
ψiψj + h.c. (119)
where the derivatives of the superpotential are evaluated at Φi = Ai.
Vector superfields satisfy the reality condition V = V †. In Wess-Zumino gauge, vector super-
fields contain only vm, λ and auxiliary field D, written as
V = −θσmθ¯vm(x) + iθθθ¯λ¯(x)− iθ¯θ¯θλ(x) + 1
2
θθθ¯θ¯ D(x). (120)
We can check that
V 2 = −1
2
θθθ¯θ¯ vmv
m, (121)
and V 3 = 0.
Problem: Verify the above results.
Similarly for chiral superfields, the SUSY transformations for component fields in a vector
superfield are
δξvm = (ξQ+ ξ¯Q¯)× vm = iξσmλ¯+ iξ¯σ¯mλ, (122)
δξλ = (ξQ+ ξ¯Q¯)× λ = σmnξvmn + iξD. (123)
δξD = (ξQ+ ξ¯Q¯)×D = ξ¯σ¯m∂mλ− ξσm∂mλ¯. (124)
Therefore, the auxiliary field D is the component of highest dimension, transforming as a total
derivative under SUSY transformation.
The superfield strength is
Wα = −1
4
D¯D¯DαV
= −iλα(y) + θβ
[
δβαD(y)−
i
2
(σnσ¯m)α
β(∂nvm(y)− ∂mvn(y))
]
+θθσmαα˙∂mλ¯
α˙(y), (125)
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The superfield strength is a chiral superfield satisfying D¯β˙Wα = 0 and it contains only gauge
invariant fields, λα, D and ∂nvm − ∂mvn. Then, from
WαWα|θθ = −2iλσm∂mλ¯+D2 − 1
2
fnmf
nm − 1
4
iklnmfklfnm, (126)
we obtain the kinetic terms for component fields in vector superfields as
LV = 1
4
(
WαWα|θθ + h.c.
)
= −iλσm∂mλ¯+ 1
2
D2 − 1
4
fnmf
nm (127)
with fnm = ∂nvm − ∂mvn. The above SUSY Lagrangian can be rewritten by the integration over
the fermionic coordinates,
LV = −1
4
∫
d2θWαWα + h.c.. (128)
4.5 Supersymmetric gauge theories
When chiral superfields Φ± carry opposite charges under local U(1), they transform under the
gauge transformation as
Φ± → e∓2ieΛΦ±, (129)
with Λ being a transformation chiral superfield satisfying D¯α˙Λ = 0, while the U(1) vector superfield
transforms as V → V + Λ + Λ†. For instance, Φ+ contains electron ψ+ and Φ− contains positron
ψ−. Then, ψ+, ψ− makes one massive Dirac spinor.
Replacing Φ†±Φ± in the chiral superfield Lagrangian by Φ
†
±e
±2eV Φ± and introducing the super-
potential, W = mΦ+Φ−, the SQED Lagrangian is given by
LSQED = 1
4
(
WαWα|θθ + h.c.
)
+ (Φ†+e
2eV Φ+ + Φ
†
−e
−2eV Φ−)|θθθ¯θ¯ + (W |θθ + h.c.)
= −iλσm∂mλ¯+ 1
2
D2 − 1
4
fnmf
nm
+i∂mψ¯+σ¯
mψ+ −m(ψ+ψ− + ψ¯+ψ¯−) + i∂mψ¯−σ¯mψ−
+A∗+A+ + A∗−A− − V
+evn
[
ψ¯+σ¯
nψ+ + i(A
∗
+∂nA+ − A+∂nA∗+)
+ψ¯−σ¯nψ− + i(A∗−∂nA− − A−∂nA∗−)
]
−e2vmvm(A∗+A+ + A∗−A−)
+i
√
2e
(
A∗+ψ+λ− A+ψ¯+λ¯+ − A∗−ψ−λ+ A−ψ¯−λ¯
)
(130)
where the total scalar potential
V = VF + VD ≥ 0 (131)
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is composed of the F-term potential,
VF =
∣∣∣ ∂W
∂A+
∣∣∣2 + ∣∣∣ ∂W
∂A−
∣∣∣2
= m2|A+|2 +m2|A−|2, (132)
and the D-term potential,
VD = −1
2
D2 − eD(A∗+A+ − A∗−A−)
=
1
2
D2
=
e2
2
(A∗+A+ − A∗−A−)2. (133)
Our discussion can be generalized to the case with non-abelian gauge groups. In this case, the
transformation parameter and vector superfields are generalized to the matrix forms, Λij = T
a
ijΛa
and Vij = T
a
ijVa, where T
a is Hermitian and [T a, T b] = itabcT c and Tr(T aT b) = kδab with k > 0 in
adjoint representation. Then, the non-abelian gauge transformations are
Φ′ = e−2igΛ Φ, Φ′
†
= Φ†e2igΛ
†
, (134)
e2gV
′
= e−2igΛ
†
e2gV e2igΛ. (135)
Then, the supersymmetric field strength is also generalized to
Wα = −1
4
D¯D¯ e−2gVDα e2gV . (136)
We can check that Wα transforms under the gauge transformation as
W ′α = e
−2igΛWα e2igΛ. (137)
Therefore, the general SUSY Lagrangian for non-abelian gauge theories in superspace is
L = 1
4k
[
Tr(WαWα)
∣∣∣
θθ
+ h.c.
]
+ Φ†e2gV Φ
∣∣∣
θθθ¯θ¯
+
(
1
2
mijΦiΦj +
1
3
gijkΦiΦjΦk
)∣∣∣
θθ
+ h.c.. (138)
Thus, the component field Lagrangian for gauge interactions only is
L = −iλ¯(a)σ¯mDmλ(a) + 1
2
D(a)D(a) − 1
4
f (a)nmf
(a)nm
−iψ¯ σ¯mDmψ −DmA†DmA
+i
√
2g
(
A†T (a)ψλ(a) − λ¯(a)T (a)Aψ¯
)
+ gD(a)A†T (a)A, (139)
with
Dmψ = ∂mψ + igT
(a)v(a)m ψ, (140)
DmA = ∂mA+ igT
(a)v(a)m A, (141)
Dmλ
(a) = ∂mλ
(a) − g tabcv(b)m λ(c), (142)
f (a)mn = ∂mv
(a)
n − ∂nv(a)m − g tabcv(b)m v(c)n . (143)
In this case, the D-term potential is given by
VD =
1
2
D(a)D(a) =
1
2
g2
(
A†T (a)A
)2
. (144)
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5 SUSY breaking and mediations
Supersymmetry is broken in nature due to the null signals for superparticles. In this chapter,
we discuss the mechanisms for spontaneous SUSY breaking [14] and the transmission of SUSY
breaking to the visible sector by messenger interactions.
5.1 Criterion for SUSY breaking
The fermion number of operator F is defined such that
(−1)F =
{
+1, bosons
−1, fermions. (145)
Thus, (−1)FQα = −Qα(−1)F . As a result, for a finite-dimensional SUSY representation, we take
the following trace,
Tr
[
(−1)F2σm
αβ˙
Pm
]
= Tr
[
(−1)F{Qα, Q¯β˙}
]
= Tr
[
(−1)F (QαQ¯β˙ + Q¯β˙Qα)
]
= Tr
[
−Qα(−1)F Q¯β˙ + Q¯β˙(−1)FQα
]
= 0. (146)
Then, for fixed Pm 6= 0, we get Tr(−1)F = 0. Thus, for nonzero energy, the number of bosonic
states is the same as the number of fermionic states.
Similarly to the case of quantum mechanics, from the SUSY algebra, we obtain
Q1Q¯1˙ + Q¯1˙Q1 = 2σ
0
11˙
P0 + 2σ
i
11¯Pi, (147)
Q2Q¯2˙ + Q¯2˙Q2 = 2σ
0
22˙
P0 + 2σ
i
22¯Pi. (148)
Since σ0
11˙
= σ0
22˙
= −1, tr(σi) = 0 and E = P0, adding both equations leads to the Hamiltonian,
H =
1
4
(Q1Q¯1˙ + Q¯1˙Q1 +Q2Q¯2˙ + Q¯2˙Q2). (149)
Then, the Hamiltonian is non-negative. If 〈0|H|0〉 = 0 for the vacuum state |0〉, we have Qα|0〉 =
Q¯α¯|0〉 = 0, so |0〉 is the SUSY-preserving vacuum.
The Witten index [15] in quantum field theory to
Tr(−1)F =
∑
E
(nB(E)− nF (E)) = nB(0)− nF (0) (150)
where nB(E) and nF (E) are the number of bosonic and fermionic states with energy E. As states
with vanishing energy are annihilated by Q, they are not necessarily paired, i.e. nB(0) 6= nF (0).
Therefore, only the supersymmetry-preserving vacua (E = 0) can contribute to a nonzero Witten
index. The sufficient condition for unbroken SUSY is Tr(−1)F 6= 0.
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5.2 F-term SUSY breaking
The O’Raifeartaigh model has three chiral superfields, Φ0, Φ1 and Φ2, with the following superpo-
tential,
W = µ2 Φ0 +mΦ1Φ2 + gΦ0Φ1Φ1. (151)
The R-charges are +2, 0,+2, for Φ0, Φ1 and Φ2, respectively. In this model, the F-term potential
is given by
VF = |F0|2 + |F1|2 + |F2|2 (152)
where the F-terms are given by
F0 =
∂W
∂Φ0
= µ2 + gΦ1Φ1,
F1 =
∂W
∂Φ1
= mΦ2 + 2gΦ0Φ1,
F2 =
∂W
∂Φ2
= mΦ1. (153)
Then, for Φ1 = 0, we get F2 = 0; F1 = 0 for Φ2 = 0 and F0 = λ 6= 0. Then, SUSY is broken
spontaneously. In this case, the F-term potential is given by VF = |λ|2, and Φ0 is a pseudo-flat
direction, along which the R-symmetry is broken spontaneously. Actually, the SSB of R-symmetry
is the sufficient condition for SUSY breaking.
In the presence of a nonzero F -term, the mass terms for scalar fields become
Ls−mass = −m2(|Φ1|2 + |Φ2|2)− (gµ2Φ21 + h.c.). (154)
Then, the squared mass eigenvalues are m2± = m
2 ± gµ2. On the other hand, the fermion fields
have a Dirac mass m,
Lf−mass = −mψ1ψ2 + h.c.. (155)
Therefore, the scalar masses are different from the fermion mass and the mass splitting depends
on the F-term. We note that there is a sum rule for masses,
0 =
∑
si
(−1)2si(2si + 1)m2i = m2+ +m2− − 2m2 (156)
For a nonzero F-term, we obtain the SUSY transformation for ψ0 as
δξψ0 =
√
2ξF0 =
√
2ξµ2 6= 0. (157)
Thus, ψ0 becomes a massless Goldstone fermion (Goldstino) for spontaneously broken global SUSY.
The presence of a massless Goldstino is dangerous for phenomenology, but it is eaten by the spin-3
2
gravitino as longitudinal states in local supersymmetry (supergravity) [16].
Note: There is an analogous discussion for the transformations of Goldstone bosons for global
symmetry. Suppose that Φ → eiαΦ under a global U(1). Then, for |α|  1, the infinitesimal
transformation is δαΦ = iαΦ. After the U(1) is spontaneously broken, we expand Φ =
1√
2
(vΦ +
h+ ia) 6= 0, resulting in the U(1) transformation,
δαa = α vΦ 6= 0. (158)
Thus, the Goldstone a transforms non-linearly under the global U(1).
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5.3 D-term SUSY breaking
The Fayet-Iliopoulos(FI) model is composed of two chiral superfields, Φ1 and Φ2, with opposite
charges, and one U(1) vector superfield V , with the FI D-term, with the following Lagrangian,
LFI = 1
4
(
WαWα|θθ + h.c.
)
+ (Φ†+e
eV Φ+ + Φ
†
−e
−eV Φ−)|θθθ¯θ¯
+(mΦ1Φ2|θθ + h.c.) + 2κ2 V |θθθ¯θ¯. (159)
In this model, the scalar potential has both F-terms and D-term as
V = |F1|2 + |F2|2 + 1
2
D2 (160)
with
D = −κ2 − e
2
(A∗1A1 − A∗2A2), (161)
F1 = −mA∗2, (162)
F2 = −mA∗1. (163)
As a result, there is no solution to F1 = F2 = D = 0, i.e. V = 0. Thus, SUSY is broken
spontaneously. For instance, for m2 > 1
2
eκ2, A1 = A2 = 0 is the minimum, so we get F1 = F2 = 0,
but D = −κ 6= 0.
In the presence of a nonzero D-term but no gauge symmetry breaking, the scalar masses are
given by
Ls−mass = −
(
m2 +
1
2
eκ2
)
|Φ1|2 −
(
m2 − 1
2
eκ2
)
|Φ2|2. (164)
Thus, the scalar masses are shifted to m21,2 = m
2± 1
2
eκ2, while the fermions have a Dirac mass m.
Again, the scalar masses are different from the fermion mass and the mass splitting depends on
the D-term. Then, there is a similar sum rule for masses,
0 =
∑
si
(−1)2si(2si + 1)m2i = m21 +m22 − 2m2 (165)
For a nonzero F-term, we obtain the SUSY transformation for ψ0 as
δξλ = iξD = iξκ
2 6= 0. (166)
Thus, the gaugino λ becomes a massless Goldstino for spontaneously broken global SUSY. In
general, there is a mixture of F-term and D-term SUSY breaking. In this case, the resulting
Goldstino is also the mixture of a gaugino and a chiral fermion in the chiral superfield.
Problem: Find the minimum for m2 < 1
2
eκ2 and discuss the SUSY breaking and the mass
spectrum in this case.
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5.4 Messenger interactions
The presence of a lighter scalar superpartner (m2− in F-term or m
2
2 in D-term ) after SUSY breaking
shows that SUSY must be broken in the hidden sector. Because we have not found a charged scalar
particle lighter than electron, for instance.
In general, we can parametrize the SUSY breaking in the hidden sector by a chiral superfield
X = FXθ
2 and a vector superfield VX =
1
2
DXθ
2θ¯2 (or WXα = θαDX). Then, depending on the
messenger interactions, the F-term SUSY breaking leads to the scalar superpartner mass for Φ
and the gaugino mass for V in the visible sector by∫
d2θd2θ¯
1
M2∗
X†XΦ†Φ =
|F |2
M2∗
φ†φ −→ m2φ =
|FX |2
M2∗
=
M4SUSY
M2∗
, (167)∫
d2θ
1
M∗
XWαWα = −FX
M∗
λλ −→ mλ = FX
M∗
=
MSUSY
M∗
(168)
where M∗ is the mediation scale and MSUSY is the SUSY breaking scale in the hidden sector.
Mediation mechanisms:
1) Gravity mediation [17]: M∗ = MPl. SUSY breaking is mediated by gravitational interactions,
so gravitino mass and soft SUSY breaking masses are of the same order,
m3/2 ∼ M
2
SUSY
MPl
∼ msoft. (169)
Thus, for MSUSY ∼ 1011 GeV, we obtain m2/3 ∼ msoft ∼ 1 TeV. But, in this case, soft masses
generically violate CP and induce FCNC, thus lack of predictive power.
2) Gauge mediation [18]: M∗  MPl. SUSY breaking is mediated by SM gauge interactions,
so there appear naturally flavor-universal and degenerate soft masses. In this case, the messeger
quarks and leptons obtain masses due to direct couplings to the SUSY breaking sector. For
instance, the superpotential contains W = λXXΦ¯Φ with Φ, Φ¯ being vector-like representations
under the SM, and X = M∗ + θ2FX . In this case, since soft masses are given by
msoft ∼ α
4pi
|FX |
M∗
, (170)
the messenger scale can be lowered to M∗ ∼
√
FX = 10
5−6 GeV for msoft ∼ 1 TeV. Moreover,
gravitino mass is m3/2 ∼ 10−8 − 10−6 GeV, which is a candidate for light dark matter.
3) There are anomaly mediation [19], Z ′ mediation, mirage mediation, etc. In general, SUSY
breaking masses in the visible sector are a mixture of various messenger interactions.
6 SUSY phenomenology
We discuss the basics of the Minimal Supersymmetric Standard Model (MSSM) [20–23] and some
pros and cons of the MSSM. More discussion on MSSM phenomenology such as dark matter,
collider and flavor constraints, (g − 2)µ, etc, can be found elsewhere in the literature.
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6.1 MSSM
In the Minimal Supersymmetric Standard Model (MSSM), we introduce chiral superfields for SM
fermions and the Higgs doublet as
Qˆi = q˜i +
√
2θqi + θ
2FQi , (171)
Uˆ ci = u˜
c
i +
√
2θuci + θ
2FUci , (172)
Dˆci = d˜
c
i +
√
2θdci + θ
2FDci , (173)
Lˆi = l˜i +
√
2θli + θ
2FLi , (174)
Eˆci = e˜
c
i +
√
2θeci + θ
2FEci , (175)
Hˆd = Hd +
√
2θH˜d + θ
2FHd . (176)
Here, uc = (uc)L = (uR)
c, etc, and quark superpartners q˜i, u˜
c
i , d˜
c
i are squarks, lepton superpartners
l˜i, e˜
c
i are sleptons, Higgs superpartner H˜d is Higgsino. In order to cancel the SU(2)L × U(1)Y
anomalies, we need to introduce one more Higgsino H˜u, which makes an additional Higgs chiral
multiplet,
Hˆu = Hu +
√
2θH˜u + θ
2FHu . (177)
Therefore, there are two Higgs doublets in the MSSM. Then, the gauge-invariant superpotential is
W = yu,ijQˆiHˆuUˆ
c
j + yd,ijQˆiHˆdDˆ
c
j + ye,ijLˆiHˆdEˆ
c
j + µHˆuHˆd. (178)
As a result, the F-term potential is given by
VF =
∣∣∣∂W
∂Qi
∣∣∣2 + ∣∣∣∂W
∂U cj
∣∣∣2 + ∣∣∣ ∂W
∂Dcj
∣∣∣2
+
∣∣∣∂W
∂Li
∣∣∣2 + ∣∣∣∂W
∂Ecj
∣∣∣2 + ∣∣∣ ∂W
∂Hu
∣∣∣2 + ∣∣∣ ∂W
∂Hd
∣∣∣2
= y2u,ij|Hu|2(|u˜cj|2 + |q˜i|2) + y2d,ij|Hd|2(|d˜cj|2 + |q˜i|2) + y2e,ij|Hd|2(|e˜cj|2 + |l˜i|2)
+|yu,ij q˜iu˜cj + µHd|2 + |yd,ij q˜id˜cj + ye,ij l˜ie˜cj + µHu|2. (179)
The Yukawa couplings contain those in the SM as well as new interactions in the following,
−LYukawa = yu,ij
(
qiHuu
c
j + qiH˜uu˜
c
j + q˜iH˜uu
c
j
)
+yd,ij
(
qiHdd
c
j + qiH˜dd˜
c
j + q˜iH˜dd
c
j
)
+ye,ij
(
liHde
c
j + liH˜de˜
c
j + l˜iH˜de
c
j
)
+µH˜uH˜d + h.c.. (180)
As a result, the Higgsinos have a Dirac mass µ and the Higgs doublets have the same masses as
the Higgsino mass by SUSY. If there is a chiral symmetry under which Higgsinos are charged, the
Higgsino mass is naturally small by chiral symmetry, so the small masses of Higgs doublets are
ensured by SUSY.
There are spin-1
2
fermionic superpartners for the SM gauge bosons, g˜a, W˜ i and B˜, called gluinos,
winos, and bino, respectively. The Lightest Supersymmetric Particle (LSP) among the neutral
components of W˜ i, H˜u, H˜d, and B˜ (neutralinos), is a good candidate for WIMP dark matter. The
stability of LSP is ensured by R-parity, as will be discussed later for global symmetries in MSSM.
Detailed discussion on MSSM phenomenology can be found in Ref. [23].
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6.2 SUSY and hierarchy problem
The top Yukawa coupling is the strongest in the SM, contributing most to the Higgs mass parameter
at loop level. In the decoupling limit with H0u =
1√
2
h sin β and H0d =
1√
2
h cos β where tan β = 〈H
0
u〉
〈H0d〉
,
the relevant couplings for the Higgs mass corrections are
LMSSM ⊃ −
( 1√
2
yt ht¯LtR + h.c.
)
− 1
2
y2t h
2(|t˜R|2 + |t˜L|2) (181)
where t˜R = (t˜
c)∗ and yt = yu,33 sin β. Then, the top loop corrections to the Higgs mass parameter
are
(∆m2H)t = −
Ncy
2
t
8pi2
Λ2 +
3Ncy
2
t
8pi2
m2t ln
( Λ
mt
)
. (182)
whereas the stop loop contributions to the Higgs mass parameter are
(∆m2H)t˜ =
Ncy
2
t
8pi2
Λ2 − Ncy
2
t
8pi2
m2t˜ ln
( Λ
mt˜
)
. (183)
As a result, adding both top and stop contributions, the quadratic divergences are cancelled out,
so the modified Higgs mass parameter become, for mt˜  mt,
∆m2H = −
Ncy
2
t
8pi2
m2t˜ ln
( Λ
mt˜
)
. (184)
SUSY is broken in nature, so we need to make superparticles heavier than the SM counterparts
while maintaining the cancellation of quadratic divergences. To this, we introduce soft SUSY
breaking terms,
Lsoft = −
(1
2
3∑
i=1
Miλiλi + h.c.
)
−m2Hd |Hd|2 −m2Hu |Hu|2
−m2q˜,ij|q˜i|2 −m2u˜c,ij|u˜ci |2 −m2d˜c,ij|u˜ci |2 −m2l˜,ij|l˜i|2 −m2e˜c,ij|e˜ci |2
−Tu,ij q˜iHuu˜cj − Td,ij q˜iHdd˜cj − Te,ij l˜iHde˜cj + h.c.. (185)
For no FCNC, we usually choose soft masses to be flavor diagonal by m2q˜,ij = m
2
q˜ δij, etc, and
aligned by Tu,ij = yu,ijAt, etc.
6.3 SUSY and vacuum stability
The quartic terms for neutral Higgs fields come from the D-term potential as follows,
V =
1
8
(g2 + g′2)(|H0u|2 − |H0d |2)2 (186)
Then, in the decoupling limit, we obtain the quartic terms as
V =
1
32
(g2 + g′2) cos2(2β)h4 =
1
4
λHh
4. (187)
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Thus, the Higgs quartic coupling is given by the electroweak gauge couplings as
λH =
1
8
(g2 + g′2) cos2(2β). (188)
Therefore, as far as superparticle masses are below the vacuum instability scale, the Higgs quartic
coupling is maintained to be positive all the way to the unification scale.
For the quartic coupling at tree level, the Higgs boson mass is given by
mh =
√
2λH v =
1
2
√
g2 + g′2 cos(2β) v ≤ mZ . (189)
After including the top loop corrections to the Higgs quartic coupling, we can accommodate the
correct Higgs boson mass with a shift in the quartic coupling,
∆λH =
3m4t
4pi2v4
[
ln
(m2
t˜
m2t
)
+
X2t
m2
t˜
(
1− 1
12
X2t
m2
t˜
)]
(190)
with Xt = At − µ cot β. In this case, the required stop masses are at least multi-TeV scales.
Problem: Obtain the stop contributions to the Coleman-Weinberg potential for the Higgs
boson and identify the corrections to the Higgs quartic coupling.
6.4 Global symmetries in MSSM
We discuss the R-symmetry as the unique global symmetry in supersymmetric models and the
fate of B and L numbers in MSSM.
6.4.1 R-symmetry
The SUSY algebra is extended by the R-symmetry generator, which does not commute with the
SUSY operators,
[Qα, R] = −Qα, [Q¯α˙, R] = +Q¯α˙. (191)
Then, from
(Q¯α˙R−RQ¯α˙)|B〉 =
√
E(rB − rF )|F 〉 = Q¯α˙|B〉 =
√
E|F 〉, (192)
where rB, rF are the R-charges of boson and fermion in a chiral multiplet, we find that rB = rF +1.
The R-symmetry is a global symmetry of supersymmetric models and can be also a local symmetry
in supergravity. The R-symmetry or U(1)R symmetry can be broken to discrete subgroups by chiral
anomalies or compactification of extra dimensions on orbifolds having discrete internal symmetries.
The discrete remnants of the continuous R-symmetry such as Z2R (R-parity) or Z4R are important
for the MSSM phenomenology.
Since the superfield Φ = A+
√
2θψ+θ2F has the same R-charge as the boson, the Grassmannian
variable θ has R-charge +1, so the auxiliary field F has R-charge rF = rB − 2. The R-symmetry
transformation for a chiral superfield Φ with R-charge r is
RΦ(θ, x) = eirαΦ(e−iαθ, x), (193)
RΦ†(θ¯, x) = eirαΦ†(eiαθ¯, x), (194)
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leading to the R-symmetry transformations for component fields,
A −→ eirαA, (195)
ψ −→ ei(r−1)αψ, (196)
F −→ ei(r−2)αF. (197)
The R charge of a product of superfields is the sum of the individual R charges. On the other
hand, vector superfields have 0 R-charge, because they are real, so RV (θ, θ¯, x) = V (e−iαθ, eiαθ¯, x).
So, in Wess-Zumino gauge, the R-transformations for components are
vm → vm, λ→ eiαλ, D → D. (198)
The R-parity is a Z2R discrete symmetry with α = pi. In MSSM, we take r = 1 for quark
and lepton chiral multiplets and r = 0 for Higgs chiral multiplets. Then, the R-parities for chiral
superfields in MSSM are assigned as
Qˆi, Uˆ
c
i , Dˆ
c
i , Lˆi, Eˆ
c
i : Z2R = −1, (199)
Hˆu,d : Z2R = +1. (200)
so the R-charges for component fields are
qi, u
c
i , d
c
i , li, e
c
i , Hu,d, vm,i : Z2R = +1, (201)
q˜i, u˜
c
i , d˜
c
i , l˜i, e˜
c
i , H˜u,d, λi : Z2R = −1. (202)
The R-parity is related to the matter parity PM = (−1)3(B−L) by Z2R = (−1)2SPM with S being
the spin.
6.4.2 Lepton and baryon numbers
There are additional gauge-invariant terms in the effective superpotential in MSSM up to dimension-
5 operators, given by
∆W = W/R +
1
MPl
(
cLˆHˆuLˆHˆu + λ1QˆQˆQˆLˆ+ λ2Uˆ
cUˆ cDˆcEˆc + · · ·
)
. (203)
with
W/R = µ
′HˆLˆi + λijkLˆiLˆjEˆcj + λ
′
ijkLˆiQˆjDˆ
c
k + λ
′′
ijkUˆ
c
i Dˆ
c
jDˆ
c
k. (204)
Here, W/R breaks the R-parity, violating lepton or baryon numbers at dimension-4 level, unlike in
the SM. The dimension-5 operators preserve the R-parity, but they break baryon and/or lepton
numbers. LˆHˆuLˆHˆu is the supersymmetric Weinberg operator violating the lepton number. λ1,2
couplings are induced by colored Higgsinos in supersymmetric SU(5) GUTs, but they are most
constrained by proton stability for low-energy supersymmetry.
For TeV-scale SUSY, the phenomenological constraints on the additional couplings are the
following: neutrino masses lead to
µ′ . 10−21MPl, (205)
proton stability requires
|λ′λ′′| . 10−26, |λ′λ3| . 10−10, |λ1| . 10−7, |λ2| . 10−7. (206)
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6.5 Gauge coupling unification
The gauge couplings in the MSSM run in energy by the RG equations,
dα−1i
d lnµ
= − bi
2pi
, i = 1, 2, 3, (207)
where the corresponding beta function coefficients are given by bi = (
33
5
, 1,−3) with i = 1, 2, 3.
Then, the gauge couplings are unified at MGUT ∼ 1016 TeV for TeV-scale supersymmetry.
Problem: Evaluate the beta function coefficients for gauge couplings in MSSM.
6.6 Problems in MSSM
We address phenomenological problems in MSSM and some of solutions beyond gauge symmetries.
6.6.1 Proton decay
The R-parity forbids the dangerous renormalizable B/L violating terms in the superpotential, W/R.
However, the Weinberg operator for neutrino masses as well as the dimension-5 baryon number
violating couplings, λ1 and λ2, are allowed. The latter couplings would induce the proton decay,
p→ K+ν¯, by superpartner loops, so we need a symmetry beyond the R-parity for proton stability.
From the proton lifetime,
τ(p→ K+ν) ∼ (16pi
2)2M2Pm
2
soft
λ21m
5
p
> 5.9× 1033 yrs, (208)
we obtain the bound, (16pi2MPlmsoft/λ1)
1/2 & 1015 GeV. Thus, for msoft ∼ 1 TeV, we need a very
small coupling for the dimension-5 operator, λ1 . 10−7.
6.6.2 The µ problem
The µ term is gauge invariant and R-parity invariant. In the presence of the µ term, Higgs bosons
get the same supersymmetric mass as Higgsinos as well as SUSY breaking masses, as follows,
m21 = |µ|2 +m2Hd , m22 = |µ|2 +m2Hu . (209)
Then, the condition for electroweak symmetry breaking requires the µ term to be related to the
Z-boson mass by
|µ|2 = −1
2
m2Z +
m2Hd −m2Hu tan2 β
tan2 β − 1 . (210)
Thus, in order not to introduce a fine-tuning, we need µ to be about the weak scale. This is the
µ problem.
A simple solution is to introduce a chiral U(1) symmetry under which HuHd is charged such that
the µ term vanishes at tree-level and it is induced after the U(1) symmetry is broken spontaneously.
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The examples are U(1)PQ and U(1)R. The discrete subgroups of U(1)R larger than Z2R can solve
the µ problem as well as the proton instability problem in MSSM.
The Z4R symmetry is consistent with SU(5) unification, assigning R-charge +1 for quark and
lepton superfields and R-charge 0 for Higgs superfields [24]. In this case, we can show that the
µ term and the dangerous dimension-5 proton decay operators are absent at tree level while the
Weinberg operator for neutrino masses are allowed. The Z4R symmetry can be broken by non-
perturbative effects such as gaugino condensation or the VEVs of singlet chiral superfields (in
NMSSM [25]), leading to a desirably small µ term. For gauged R symmetry, the corresponding
massive vector multiplet can be responsible for mediation of SUSY breaking [26].
6.6.3 Flavor and CP problems
The general soft breaking mass terms in gravity-mediation, such as mq˜,ij and Tu,ij, etc, would lead
to dangerous flavor and CP violations beyond the SM. This is called the SUSY flavor problem.
Thus, new flavor and CP violating couplings due to soft masses are constrained by FCNC processes
and electric dipole moments mostly for the first two generations.
The simple solution to the SUSY flavor problem is to take mq˜,ij to be diagonal as in gauge
mediation and Tu,ij to be aligned as the corresponding Yukawa couplings in the SM. Another
solution is to take the first two generation sfermions to be much heaver than weak scale to satisfy
the flavor constraints.
7 Alternatives to SUSY
We discuss alternative solutions to the hierarchy problem, based on extra dimensions, clockwork
mechanism, relaxion and twin Higgs models.
7.1 Extra dimensions
Extra spatial dimensions are a general consequence of the consistency of string theories defined in
10D or 11D. Since extra dimensions are not seen, they must be curled up into small sizes, needing
the process of the so called compactification. When one extra dimension is compactified on a circle
(S1) with radius R, we can make a Fourier expansion of a 5D massless scalar field as
Φ(x, y) =
∞∑
n=∞
einy/Rφn(x), (211)
where ( + m2n)φn(x) = 0 with mn = nR and n being integer. Then, the Kaluza-Klein modes φn
have 4D mass mn due to the momentum in the extra dimension. Such a Fourier expansion in more
than 5D spacetime is straightforward.
The Gauss law for gravity with n extra dimensions shows us that the gravity force is given by
Fg = −G4+nm1m2
r2+n
. (212)
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When n extra dimensions have a radius R, at the distance scale larger than R, the gravity force
becomes the Newtonian gravity in 4D as
Fg = −G4+nm1m2
Rnr2
= −GNm1m2
r2
. (213)
with
GN =
G4+n
Rn
. (214)
Then, the weakness of 4D gravity can be explained for large extra dimensions, due to the volume
suppression in the extra dimensions [27]. In terms of Planck mass scales in 4D and higher di-
mensions by GN = 8piM
2
P and G4+n = 8pi(M4+n)
2+n, respectively, we obtain M2P = (M4+n)
2+nRn.
Therefore, we can explain the hierarchy between the Planck scale and the weak scale, MPl 
M4+n ∼ mh, at the expense of the new hierarchy R−1 M4+n. In this case, extra dimensions are
called flat or factorizable or unwarped, in the sense that they are factorized from 4D spacetime.
In the case of warped extra dimensions, extra dimensions are not factorized from 4D spacetime
[28]. The metric in 5D spacetime with one warped extra dimension is given by
ds2 = ω2(y)ηµνdx
µdxν − dy2. (215)
Here, ω(y) is the warp factor. When the 5D bulk cosmological constant is negative as
Λb ≡ −6k2M35 (216)
with M5 being the 5D Planck mass and there is a Z2 symmetry under y → −y, the warp factor
takes the form,
ω(y) = e−k|y|. (217)
In this case, in order to satisfy the Einstein equations in 5D, we need to introduce two brane
tensions localized at y = 0 and y = piR by
Λ1 = −Λ2 =
√
−6M35 Λb = 6kM35 . (218)
Due to the warped factor, for a fixed 4D proper distance, the 4D coordinate distance changes along
the extra dimension: it becomes larger (or the inverse distance becomes smaller) as y increases.
For this reason, y = 0 is the UV brane and y = piR is the IR brane. When the Higgs doublet is
localized on the IR brane, the corresponding action is
SH =
∫
d4x
√−h
(
hµν(DµH)(DνH)
† − λH
(
|H|2 − v
2
2
)2)
. (219)
Here, hµν = e
−2kpiR ηµν is the induced metric on the IR brane, and hµν = e2kpiR ηµν is the inverse.
Then, the above action becomes
SH =
∫
d4x
(
e−2kpiRηµν(DµH)(DνH)† − e−4kpiRλH
(
|H|2 − w
2
2
)2)
=
∫
d4x
(
ηµν(DµH)(DνH)
† − e−4kpiRλH
(
|H|2 − v
2
2
)2)
(220)
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where a field definition is made by H˜ = e−kpiRH, and the electroweak scale is
v = e−kpiR w. (221)
Therefore, for w ∼M5 ∼MPl, we can obtain the hierarchy between the Planck scale and the weak
scale for kpiR = 37, which needs a mild hierarchy between k and R−1. In this case, the 4D Planck
mass is related to the 5D Planck mass by
M2P =
M35
k
(
1− e−2kpiR
)
≈ M
3
5
k
. (222)
Therefore, M5 and k can be of order the 4D Planck scale. In this case, the weakness of gravity
can be understood because the zero mode of graviton is localized on the UV brane.
7.2 Clockwork
The clockwork mechanism is to obtain hierarchically small couplings in models with multiple
symmetries due to the localization in the field space [29]. It can address the hierarchy problem
and the flavor problem, etc, in the SM, by introducing multiple copies of the SM particles. The
clockwork setup can be shown to be realized in a 5D dilaton background with warped extra
dimension.
We consider N+1 global symmetries, U(1)0×U(1)1×· · ·×U(1)N , in 4D. We introduce complex
scalar fields Φ0,Φ1, · · · ,ΦN , that carry global U(1) charges for the nearest neighbor U(1)’s such
as (q, 1). Then, the potential terms are given by
V (Φ) =
N∑
j=0
(
m2|Φj|2 + λ|Φj|4
)
+
N−1∑
j=0
λ′
2
ΦqjΦ
†
j+1 + h.c. (223)
Here, we took the universal masses and the quartic couplings as well as the U(1) breaking terms,
but they can be generalized to general parameters.
We ignore the effects of U(1)-breaking terms on the VEVs of complex scalar fields, and take the
radion modes to be frozen such that Φj =
f√
2
eipij/f . Then, the effective potential for Goldstones
pij is
V (pi) =
N−1∑
j=0
λ′f q+1 cos
(qpij − pij+1
f
)
. (224)
Then, the quadratic potential for pij becomes
V2(pi) =
N−1∑
j=0
1
2
m2
(
qpij − pij+1
)2
(225)
with m2 ≡ λ′f q−1. Then, the mass matrix for scalar fields is given by
M2pi = m
2

q2 −q 0 · · · 0
−q 1 + q2 −q · · · 0
0 −q 1 + q2 · · · 0
...
...
...
. . .
...
1 + q2 −q
0 0 0 · · · −q 1

. (226)
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The effective potential (224) respects the unbroken shift symmetry, under pij → pij + c qj with c
being constant, which is the unbroken U(1) symmetry.
As.a result, the zero mode of the scalar clockwork is given by
p˜i0(x) =
N∑
j=0
aj0pij(x) (227)
where aj0 = N0 q
j with N0 =
√
(q2 − 1)/(q2(N+1) − 1). On the other hand, the massive modes of
the scalar clockwork are also given by
p˜ik(x) =
N∑
j=0
ajkpij(x), k = 1, 2, · · · , N, (228)
with the mass eigenvalues being
M2k = m
2
(
1 + q2 − 2q cos kpi
N + 1
)
≡ m2λk, (229)
and the wave functions being
ajk = Nk
[
q sin
( jkpi
N + 1
)
− sin
((j + 1)kpi
N + 1
)]
, Nk =
√
2
(N + 1)λk
. (230)
Massive modes have an overall mass gap m from the zero mode and have the squeezed mass
spectrum, δMk/Mk ∼ 1/N , for a large N . We note that the interacting gauge fields are invertible
to get
pij(x) =
N∑
i=0
akjp˜ik(x), j = 0, 1, 2, · · · , N. (231)
Thus, the zero mode is localized toward the site at j = N for q > 1, so it has position-dependent
couplings to external fields, in particular, suppressed couplings to external fields localized at j = 0
by
Lint = 1
f
pi0Oext = 1
feff
p˜i0Oext + · · · , feff ≡ fqN  f. (232)
At the quadratic level for Goldstones, the scalar clockwork is equivalent to a massless scalar
field in 5D dilaton background. The 5D coordinate is given by y = ja with a being the lattice
distance. In the continuum limit we take a → 0 and N → ∞ while piR = N a being finite. From
the identification, pij(x) = e
kyφ(x, y), with k = (q − 1)/(qa) and qN = ekpiR, the corresponding 5D
Lagrangian [30] is given by
L5D =
∫ piR
0
dy eS
1
2
∂Mφ ∂
Mφ+
∫ piR
0
dy δ(y) e
1
2
S φOext (233)
where the dilaton background is given by S = 2k|y|. The nontrivial dilaton background is sup-
ported by the 5D warped geometry with the metric [31],
ds2 = e
4
3
k|y|(ηµνdxµdxν − dy2), (234)
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and nonzero brane tensions, Λ0 = −Λpi = −4kM35 at y = 0 and y = piR, respectively, where M5 is
the 5D Planck scale. Then, the zero mode of φ(x, y) is constant such that pij(x) ∼ eky is localized
at y = 0 in the continuum limit. In this case, the 4D Planck mass is related to the 5D Planck
mass by
M2P =
M35
k
(
e2kpiR − 1
)
≈ 1
3
M35 L5 e
4
3
kpiR (235)
with L5 =
∫
dy
√−g55 = 3k (e
2
3
kpiR − 1) being the proper radius of the extra dimension. In this
case, for k ∼M5, we obtain the hierarchy of scales,
M25
M2P
 (L5)
−1
M5
 1. (236)
Therefore, when the Higgs mass parameter is of order M5 ∼ k, we can solve the hierarchy problem
by the warp factor.
7.3 Relaxion
The relaxion mechanism is to address the hierarchy problem from the cosmological evolution of
the Higgs mass parameter, instead of relying on the symmetries to protect the Higgs mass [32].
This is in a similar spirit as the axion solution to the strong CP problem [9,10].
We consider a relaxion scalar (or axion) φ with the coupling to the SM Higgs, in the following,
L = −(−M2 + gφ)|H|2 − Vφ + 1
32pi2
φ
f
GµνG˜
µν (237)
with
Vφ = gM
2φ+ g2φ2 + · · · . (238)
Here, g is a dimensionful parameter, M is the cutoff scale, and the relaxion potential is valid for
φ .M2/g. Then, after QCD condensation, we obtain the effective potential as
Veff = (−M2 + gφ)|H|2 + (gM2φ+ g2φ2 + · · · ) + Λ4 cos
(φ
f
)
(239)
with Λ4 ∼ f 2pim2pi ∼ (0.1 GeV)4.
There are several conditions to be fulfilled for the relaxion mechanism to work:
1) Slow-roll of relaxion: MPl V
′
φ/VI < 1 where VI is the inflaton potential and HI = VI/3M
2
P .
From VI = 3M
2
PH
2 and V ′φ ∼ gM2, this leads to
g <
H2IMPl
M2
. (240)
2) Sufficient inflation for ∆φ &M2/g:
∆φ = φ˙∆t = φ˙
N
HI
∼ V
′
φ
H2I
N ∼ gM
2
H2I
N & M
2
g
, (241)
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results in the bound on the number of efoldings,
N & H
2
I
g2
. (242)
3) Conditions on the Hubble scale HI :
i) VI > Vφ gives rise to the lower bound, M
2
PH
2
I > M
4 or
HI >
M2
MPl
. (243)
ii) Classical rolling of φ during one Hubble time leads to the upper bound:
δφ
∆φ/N
< 1, i.e.
HI
V ′φ/H
2
I
< 1 (244)
leading
HI < (gM
2)
1
3 . (245)
iii) Barriers from QCD phase transition form in Hubble volume:
HI < Λ. (246)
Thus, considering eqs. (243)-(246) together, we get the bounds on HI ,
M2
MPl
< HI < min
{
(gM2)
1
3 ,Λ
}
. (247)
The initial condition for relaxion is m2H = −M2 + gφ > 0 in the unbroken phase and φ slow-rolls
during inflation. When m2H < 0 developing 〈H〉 6= 0, the QCD potential becomes nonzero because
Λ4 ∝ muΛ3QCD ∼ 〈H〉. Then, the large barries stop the rolling of φ shortly after φ = M2/g
Slow-rolling of φ stops when V ′QCD + V
′
φ = 0, that is,
Λ4
f
∼ gM2. (248)
Therefore, as (gM2)1/3 ∼ (Λ4/f)1/3 = Λ(Λ/f)1/3  Λ for f  Λ, the bound on HI becomes
M2
MPl
<
(Λ4
f
) 1
3
. (249)
As a result, the cutoff scale is bounded as
M <
(
Λ4M3P
f
) 1
6
∼ 107 GeV
(
109 GeV
f
) 1
6
. (250)
From eq. (248) with M = 107 GeV and f = 109 GeV, we get g ∼ 10−27 GeV, so HI < 10−5 GeV
and N & 1044.
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We note that when the relaxion is stabilized by the QCD potential, the minimum value for φ
is determined from sin
(
φ
f
)
∼ gM2f/Λ4, so 〈φ/f〉 = O(1) for gM2 ∼ Λ4/f . But, in order for the
relaxion to be a solution to the strong CP problem, we would need gM2 < 10−10Λ4/f . In this
case, instead of eq. (249), the cutoff scale is bounded to
M <
(
10−10
Λ4M3P
f
) 1
6
∼ 100 TeV
(
109 GeV
f
) 1
6
. (251)
In this case, for M = 100 TeV and f = 109 GeV, we get g = 10−33 GeV, so HI < 10−8 GeV and
N & 1050.
We also remark that the bound on the cutoff scale can be relaxed if the condition for classical
rolling of φ, eq. (245), is ignored. In this case, the upper bound on the cutoff scale comes from
eq. (246), so
M <
√
ΛMPl ∼ 108 GeV. (252)
In this case, keeping the solution to the strong CP problem by gM2 < 10−10Λ4/f , we obtain
g = 10−39 GeV for M = 108 GeV and f = 109 GeV, so HI < Λ = 0.1 GeV and N & 1076.
There are extended discussions on two-field relaxion scenarios [33] and supersymmetric UV
completion of relaxion models [34].
7.4 Twin Higgs
Twin Higgs models are to introduce a mirror copy of the SM gauge groups [SU(2)A × U(1)A] ×
[SU(2)B × U(1)B] as well as the SM matter content [35]. SU(3)A × SU(3)B factor can be also
included. Moreover, the SM and mirror gauge symmetries can be unified into SU(4)×SU(6). Due
to the Z2 symmetry between the SM and the mirror SM, HA ↔ HB, the Higgs potential takes
V = m2(|HA|2 + |HB|2) + λ(|HA|4 + |HB|4) + 2λ′|HA|2|HB|2. (253)
For λ′ = λ, there is a full SU(4) global symmetry in the potential, which is gauged by SU(2)A ×
SU(2)B.
The SU(4) global symmetry is broken spontaneously by the mirror Higgs VEV f as
(
HA
HB
)
= eih
ata/f

0
0
0
f + ρ
 (254)
where ta are seven broken generators belonging to SU(4)/SU(3). Then, six of the pseudo-Goldstone
bosons among ha are eaten by the massive electroweak gauge bosons in the SM and mirror partners,
while there is a light SM Higgs boson in the low energy. The SU(2)B×U(1)B gauge bosons receive
masses, m2WB = g
2
Bf
2/2 and m2ZB = (g
2
B + g
′2
B)f
2/2, while the mirror electromagnetism would
remain unbroken. We can show the pseudo-Goldstones explicitly in the following representation,
(
HA
HB
)
= exp
 if

0 0 0 h1
0 0 0 h2
0 0 0 h3
h∗1 h
∗
2 h
∗
3 h0



0
0
0
f + ρ
 (255)
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where f =
√−m2/2λ is the SU(4) breaking scale, and h1, h2, h3 are complex scalar fields, and h0
is real. After removing h3, h0 by SU(2)B × U(1)B gauge transformations, we are left with
(
HA
HB
)
= (f + ρ)

i h1|h| sin
|h|
f
i h2|h| sin
|h|
f
0
cos |h|
f
 (256)
In the decoupling limit of the mirror Higgs partner ρ, we have
(
HA
HB
)
= f

i h1|h| sin
|h|
f
i h2|h| sin
|h|
f
0
cos |h|
f
 ≈

ih1 + · · ·
ih2 + · · ·
0
f − |h|2
2f
+ · · ·
 ≡

φ+ + · · ·
φ0 + · · ·
0
f − |φ0|+|φ+|2
2f
+ · · ·
 (257)
where |h| = √|h1|2 + |h2|2 and HT = (φ+, φ0)T is the remaining SU(2)A doublet, being identified
as the SM Higgs doublet.
From
H†AHA = f
2 sin
|h|
f
= h†h− (h
†h)2
3f 2
+ · · · , (258)
H†BHB = f
2 cos
|h|
f
= f 2 − h†h+ (h
†h)2
3f 2
+ · · · , (259)
the SU(4)-invariant potential does not contain the SM Higgs doublet, but the SU(4) symmetry
is broken by gauge interactions as well as Yukawa couplings, so there appears a nonzero potential
for the SM Higgs doublet.
The Yukawa couplings for third generation quarks and their mirror partners are
LY = −yAHAQ¯ALtAR − yBHBQ¯BLtBR + h.c. (260)
where yA = yB is taken due to the Z2 symmetry. Inserting the expanded form of the Higgs doublets
in the above, we get the mass for mirror top quark as mtB = fyB and the Yukawa couplings for
the SM doublet as
LY = −yAHQ¯ALtAR + yA
2f
|H|2 t¯BLtBR + h.c.
= −yAφ0 t¯AtA + yA
2f
|φ0|2 t¯BtB + · · · . (261)
As a consequence, the one-loop corrections from top and mirror top quarks to the SM Higgs mass
parameter are (
∆m2H
)
tA
= −Ncy
2
A
8pi2
Λ2 +
3Ncy
2
A
8pi2
m2tA ln
( Λ
mtA
)
,(
∆m2H
)
tB
=
Ncy
2
A
8pi2
Λ2 − Ncy
2
A
4pi2
m2tB ln
( Λ
mtB
)
. (262)
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Then, adding both, the quadratic divergence is cancelled, so the SM mass parameter becomes for
f  v
∆m2H ≈ −
Ncy
2
A
4pi2
m2tB ln
( Λ
mtB
)
. (263)
On the other hand, the one-loop quartic coupling for the SM Higgs is also obtained as follows,
∆λH =
Nc
8pi2
y4A ln
( Λ
mtA
)
+
3Nc
16pi2
y4B ln
( Λ
mtB
)
. (264)
Then, for yA = yB, the electroweak VEV is given by
v =
√
−m
2
H
λH
∼ mtB
yA
∼ f. (265)
Therefore, in order to generate a mild hierarchy v < f such that the cutoff scale is delayed to
Λ = 4pif of order 5 TeV, we need to introduce a soft Z2 breaking term by
∆V = µ2H†AHA. (266)
As a result, from eq. (258), we get the additional corrections to both m2H and λH by
∆m2H = µ
2, ∆λH = − µ
2
3f 2
. (267)
In this case, we can tune µ2 such that a correct electroweak symmetry breaking occurs at v < f .
8 Dark matter physics
There often appear new candidates for dark matter in some of solutions to the hierarchy problem,
such as neutralinos in MSSM, mirror leptons in twin Higgs models [36], weakly coupled dark matter
in clockwork models [37], decaying dark matter in relaxion models [38], etc. Strong bounds from
direct detection can be easily evaded if dark matter annihilates into the SM singlet states or dark
matter co-annihilate with a next-to-lightest particle.
On the other hand, dark matter becomes naturally strongly coupled if it is a composite state
due to a QCD-like dynamics as for mirror QCD with light quarks in twin Higgs models. Moreover,
Wess-Zumino-Witten terms in a dark chiral perturbation theory [39–43] provide point-like 3→ 2
processes for dark matter annihilation.
There are a plenty of candidates for new dark gauge bosons beyond the SM, that could assist
the annihilation of dark matter. There are hypercharge partners in twin Higgs models, and general
light dark photons are present to guarantee the stability of dark matter.
In this section, we give a brief overview on cosmology and thermodynamics (See Ref. [44].).
Then, we summarize the detailed calculation of WIMP abundances. We also review some of new
production mechanisms for light dark matter below GeV scale.
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8.1 Compact cosmology
The Friedmann-Robertson-Walker metric,
ds2 = dt2 − a2(t)
[
dr2
1− kr2 + r
2dθ2 + r2 sin2 θdφ2
]
, (268)
describes the homogeneous and isotropic Universe, the dynamics of which is governed by the
Friedmann equation,
H2 +
k
a2
=
ρ
3M2P
, H =
a˙
a
, (269)
where k = +1, 0,−1 for closed, flat and open Universes and ρ = ρM + ρR + ρΛ, and the continuity
equation,
ρ˙i + 3H(ρi + pi) = 0. (270)
The latter determines the energy density by ρi ∝ R−3(1+wi) with wi being the equation of state,
wi = 0,
1
3
,−1, for matter, radiation and cosmological constant, respectively. The fractions of
energy densities are defined by
Ω =
ρ
3M2PH
2
=
∑
i
Ωi = 1 +
k
(Ha)2
. (271)
From the Friedmann equation (269), the scale factor a(t) is obtained as a(t) ∝ t2/(3(w+1).
The number density for particles with degrees of freedom g is given by
n =
g
(2pi)3
∫
d3p f(~p, t) (272)
where f(~p, t) is the occupancy distribution, taking
f(~p) =
1
e(E−µ)/T ± 1 (273)
for + for Fermi-Dirac(FD) statistics and − for Bose-Einstein(BE) statistics and µ is the chemical
potential with µ = +1 for FD and µ = −1 for BE. The chemical equilibrium for i + j ↔ k + l is
achieved for µi + µj = µk + µl. For f(~p, t) = f(~p), (ignoring the chemical potential), the number
density for particles in equilibrium is
neq =
{ geffζ(3)
pi2
T 3, T & m,
g
(
mT
2pi
)3/2
e−m/T , T . m
(274)
where geff is the number of effective degrees of freedom, taking geff = g for BS and geff =
3
4
g for
FD, and ζ(3) = 1.20206. On the other hand, the energy density for particles in equilibrium is
ρ =
g
(2pi)3
∫
d3pE f(~p)
=
{ pi2
30
g∗ T 4, T & m,
mneq, T . m
(275)
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where g∗ is the number of effective massless degrees of freedom. Moreover, the entropy density is
(for relativistic particles)
s =
ρ+ p
T
=
2pi2
45
g∗sT 3 (276)
where g∗s is the number of effective massless degrees of freedom in equilibrium. The total entropy
S = a3s is conserved, so g∗sT 3=constant.
During radiation domination, the Hubble parameter is given by
1
2t
= H =
√
ρR
3M2P
= 0.33 g1/2∗
T 2
MPl
, (277)
resulting in the time to temperature conversion relation,
t = 1.515 g−1/2∗
MPl
T 2
∼
( T
MeV
)−2
sec. (278)
8.2 WIMP
Production mechanisms for Weakly Interacting Massive Particles (WIMP) [45] are reviewed. The
general discussion is based on text books on cosmology such as Kolb and Turner [44] and some of
recent review articles [46–48].
8.2.1 DM annihilations
When 1+2→ 3+4 processes change the number of dark matter particles, the Boltzmann equation
determining the dark matter density is
dn
dt
+ 3Hn = C2→2 (279)
with
C2→2 = − 1
sisf
∫
dΠ1dΠ2dΠ3dΠ4(2pi)
4δ4
(∑
p
)
|M2→2|2
[
f1f2(1± f3)(1± f4)
−f3f4(1± f1)(1± f2)
]
' − 1
sisf
∫
dΠ1dΠ2dΠ3dΠ4(2pi)
4δ4
(∑
p
)
|M2→2|2
(
f1f2 − f3f4
)
(280)
where dΠ ≡ 1
(2pi)3
d3p
2E
, and + for BS and − for FD, and si,f = 1(2) for two different (identical)
particles in the initial or final states. Here, we have ignored Pauli-blocking and stimulated emission
factors so 1± f ' 1. In the non-relativistic limit for dark matter, 3 and 4 particles in equilibrium
have f3 = f
eq
3 = e
−E3/T and f4 = f
eq
4 = e
−E4/T . Then, from the energy conservation, E1 + E2 =
E3 + E4, we obtain f3f4 = e
−(E3+E4)/T = e−(E1+E2)/T = f eq1 f
eq
2 . (f
eq
3 f
eq
4 = f
eq
1 f
eq
2 is also true in
general and it is nothing but the detailed balance condition.) Moreover, for the slowly expanding
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Universe, we have f1,2 ' f eq1,2
(
n1,2
neq1,2
)
. Then, for n1 = n2 = n and n
eq
1 = m
eq
2 = neq, the annihilation
term becomes
C2→2 ' −〈σ|v|〉(n2 − n2eq) (281)
where the averaged annihilation cross section is
〈σ|v|〉 = 1
n2eq
1
sisf
∫
d3p1
(2pi)3
d3p2
(2pi)3
f eq1 f
eq
2 (σ|v|) (282)
with
(σ|v|) ≡ 1
4E1E2
∫
dΠ3dΠ4(2pi)
4δ4
(∑
p
)
|M2→2|2. (283)
For comparison to the Hubble expansion rate H, the effective annihilation rate is defined as
Γann = neq〈σ|v|〉.
8.2.2 WIMP abundances
We introduce Y = n
s
to estimate the total number of DM particles (or abundances) [45]. Then,
the Boltzmann equation becomes
n˙+ 3H n = sY˙ = −〈σ|v|〉s2(Y 2 − Y 2eq) (284)
where
Yeq =
neq
s
=
{ 0.278 geff
g∗s , x 3 (rel.),
0.145 geff
g∗s x
3/2 e−x, x 3 (non− rel.). (285)
Then, using the variable x = m
T
and d
dt
= H(m) 1
x
d
dx
with H(m) = H(T = m), the Boltzmann
equation becomes
dY
dx
= −x〈σ|v|〉s
H(m)
(Y 2 − Y 2eq) = −
neq〈σ|v|〉
xHYeq
(Y 2 − Y 2eq). (286)
That is,
x
Yeq
dY
dx
= −Γann
H
[(
Y
Yeq
)2
− 1
]
, Γann = n〈σ|v|〉. (287)
Therefore, the DM abundance freezes out as −∆Y
Y
∼ x
Yeq
dY
dx
∼ −Γann
H
. 1, so it is determined at
x = xf at which Γann ∼ H.
Suppose that dark matter freezes out when non-relativistic. Then, for 〈σ|v|〉 = σ0 x−n, we
rewrite the Boltzmann equation as
dY
dx
= −λx−n−2 (Y 2 − Y 2eq) (288)
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with
λ ≡
[〈σ|v|〉s
H(m)
]
x=1
= 1.329 (g∗s/g1/2∗ )MPlmσ0. (289)
The master formula for dark matter abundance at present is
ΩDMh
2 =
ρDM
3M2PH
2
0/h
2
= 0.2745
( Y∞
10−11
)( m
100 GeV
)
(290)
where ρDM = mY∞ with Y∞ = Y (T = 0) is used.
For Y  Yeq, the Boltzmann equation (288) becomes
dY
dx
' −λx−n−2 Y 2. (291)
We get Y∞ ≡ Y (x =∞) as
1
Y∞
' 1
Y (xf )
+
λ
n+ 1
x−n−1f , (292)
resulting in
Y∞ ' n+ 1
λ
xn+1f =
0.75(n+ 1)g
1/2
∗
g∗s
xn+1f
MPlmσ0
. (293)
So, the DM abundance is inversely proportional to the annihilation cross section, σ0.
From the freeze-out condition Γann = neq〈σ|v|〉 ' H, we get the freeze-out temperature, Tf =
m/xf , with
xf = ln
(
0.038c(c+ 2)g/g1/2∗ MPlmσ0
)
−
(
n+
1
2
)
ln
[
ln
(
0.038c(c+ 2)g/g1/2∗ MPlmσ0
)]
(294)
where Y (xf ) = (c + 1)Yeq(xf ) with c = O(1). So, for σ0 = α2m2 , g = 2 and n = 0 (s-wave
annihilation), we get
xf ' 20− 1
2
ln
( g∗
61.75
)
+ 2 ln
( α
1/30
)
− ln
( m
600 GeV
)
. (295)
Then, from eq. (290) with g∗s = g∗, the WIMP relic abundance is
ΩDMh
2 = 0.1
(61.75
g∗
)1/2(xf
20
)(1/30
α
)2( m
600 GeV
)2
. (296)
8.3 Production mechanisms for light dark matter
WIMP dark matter is strongly constrained by direct detection experiments. On the other hand,
light dark matter has drawn a lot of attention in view of new detection strategies [49,50] and self-
interactions of dark matter can provide solutions to the small-scale problems in galaxy scales [51].
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But, the thermal cross section of light dark matter below 50 GeV is ruled out by CMB at recom-
bination [52]. Thus, there is a need to develop new production mechanisms for light dark matter.
There are co-annihilation [53], DM self-interactions [40–43, 54–58], forbidden channels [59], co-
scattering [60], co-decay [61], etc, proposed as new production mechanisms for light dark matter.
We focus on DM self-interactions and forbidden channels and discuss the kinetic equilibrium con-
dition that is crucial for light dark matter.
8.3.1 DM production from self-interactions
Strongly Interacting Massive Particles (SIMPs) have the abundance determined by 3→ 2 processes
with large self-interactions, instead of annihilating in pairs [54].
Assuming that 2→ 2 processes are subdominant, we have the Boltzmann equation for the relic
density with 1 + 2 + 3→ 4 + 5 as
dn
dt
+ 3Hn = C3→2 (297)
with
C3→2 = − 1
sisf
∫
dΠ1dΠ2dΠ3dΠ4dΠ5(2pi)
4δ4
(∑
p
)
|M3→2|2
[
f1f2f3(1± f4)(1± f5)
−f4f5(1± f1)(1± f2)(1± f3)
]
' − 1
sisf
∫
dΠ1dΠ2dΠ3dΠ4dΠ5(2pi)
4δ4
(∑
p
)
|M3→2|2
(
f1f2f3 − f4f5
)
(298)
where si = ni! for ni identical particles in the initial states and sf = nf ! for nf identical particles
in the final states. Using fi ' f eqi
(
ni
neqi
)
and E1 + E2 + E3 = E4 + E5, we obtain the annihilation
term,
C3→2 = − 1
neq1 n
eq
2 n
eq
3
1
sisf
∫
dΠ1dΠ2dΠ3dΠ4dΠ5(2pi)
4δ4
(∑
p
)
|M3→2|2f eq1 f eq2 f eq3
×
(
n1n2n3 − n
eq
1 n
eq
2 n
eq
3
neq4 n
eq
5
n4n5
)
. (299)
For n1 = n2 = n3 = n and n
eq
1 = n
eq
2 = n
eq
3 = neq , the above result becomes simplified to
C3→2 = −〈σv2〉(n3 − neqn2) (300)
where the averaged annihilation “cross section” is
〈σv2〉 = 1
n3eq
1
sisf
∫
d3p1
(2pi)3
d3p2
(2pi)3
d3p3
(2pi)3
f eq1 f
eq
2 f
eq
3 (σv
2) (301)
with
(σv2) ≡ 1
8E1E2E3
∫
dΠ3dΠ4(2pi)
4δ4
(∑
p
)
|M3→2|2. (302)
42
Here, [M3→2] = E−1 so [(σv2)] = E−5, as compared to the standard cross section, [(σ|v|)] = E−2.
We note that the effective 2 → 2 annihilation rate is Γann = n2eq〈σv2〉, as compared to the 2 → 2
annihilation rate, Γann = neq〈σ|v|〉. The thermal average of the 3→ 2 cross section needs caution
in the case of velocity-dependence or resonance poles [56, 62].
Similarly to the WIMP case, after a change of variable to x = m/T , we can rewrite the
Boltzmann equation as
dY
dx
= −x〈σv
2〉s2
H(m)
(Y 3 − Y 2Yeq) = −
n2eq〈σv2〉
xHY 2eq
(Y 3 − Y 2Yeq). (303)
That is,
x
Yeq
dY
dx
= −Γann
H
[(
Y
Yeq
)3
−
(
Y
Yeq
)2]
, Γann = n
2
eq〈σv2〉. (304)
Therefore, the DM abundance freezes out as −∆Y
Y
∼ x
Yeq
dY
dx
∼ −Γann
H
. 1, so it is determined at
x = xf at which Γann ∼ H.
Suppose that SIMP dark matter freezes out when non-relativistic. Then, for 〈σv2〉 = σ0 x−n,
we rewrite the Boltzmann equation as
dY
dx
= −κx−n−5 (Y 3 − Y 2Yeq) (305)
with
κ ≡
[〈σ|v|〉s2
H(m)
]
x=1
= 0.583 (g2∗s/g
1/2
∗ )MPlm
4σ0. (306)
For Y  Yeq, the Boltzmann equation (305) becomes
dY
dx
' −κx−n−5 Y 3. (307)
We get Y∞ ≡ Y (x =∞) as
Y∞ '
√
n+ 4
2κ
x
(n+4)/2
f =
1.85 (n/2 + 2)1/2g
1/4
∗
g∗s
x
(n+4)/2
f
(MPlm4 σ0)1/2
. (308)
So, the DM abundance is inversely proportional to (σ0)
1/2.
From the freeze-out condition Γann = n
2
eq〈σv2〉 ' H, we also get the freeze-out temperature,
Tf = m/xf , with
xf = ln
(
0.110c(c+ 1)2g/g1/4∗ (MPlm
4σ0)
1/2
)
−1
2
(n+ 2) ln
[
ln
(
0.110c(c+ 1)2g/g1/4∗ (MPlm
4σ0)
1/2
)]
(309)
where Y (xf ) = (c + 1)Yeq(xf ) with c = O(1). So, for σ0 = α3m5 , g = 1 and n = 0 (s-wave
annihilation), we get
xf ' 18− 1
4
ln
( g∗
10.75
)
+
3
2
ln(α)− 1
2
ln
( m
1 GeV
)
. (310)
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Then, from eq. (290) with g∗s = g∗, the WIMP relic abundance is
ΩDMh
2 = 0.1
(
10.75
g∗
)3/4(xf
20
)2( 4
α
)3/2( m
100 MeV
)3/2
. (311)
Problem: Suppose a real scalar dark matter φ with mass m and the interaction Lagrangian
Lint = − 13! κφ3. Then, compute |M3→2|2 for φφφ→ φφ and show the parameter space for m and κ
satisfying the correct relic abundance, and compare it with the bound on the self-scattering cross
section, σscatt/m < 1 cm
2/g (Bullet cluster bound).
8.3.2 Kinematics for SIMP dark matter
We consider the kinematics of 3→ 2 processes, 1 + 2 + 3→ 4 + 5, and derive the formula for the
corresponding cross section. We take the most general masses for particles.
In the center of mass frame for 4, 5 particles, ~p4 + ~p5 = ~p1 + ~p2 + ~p3, we have
√
s = E4 + E5 =
√
m24 + ~p
2
4,CM =
√
m25 + ~p
2
4,CM. (312)
Then, taking the square and solving for ~p4, we get
|~p4,CM| = 1
2
√
s
√
1− (m4 −m5)
2
s
√
1− (m4 +m5)
2
s
. (313)
For m1 = m2 = m3 = m4 = m5 = m, it becomes
|~p4,CM| = 1
2
√
s
√
1− 4m
2
s
'
√
5
2
m (314)
in the nonrelativistic limit.
The cross section for 3→ 2 processes is
(σv2) =
1
128pi2E1E2E3
∫ |~p4|2d|~p4|dΩ
E4E5
δ(E1 + E2 + E3 − E4 − E5)|M3→2|2
=
1
128pi2E1E2E3
∫
dΩ
|~p4,CM|√
s
|M3→2|2. (315)
Here, we have used
δ(E1 + E2 + E3 − E4 − E5) = δ(
√
s− E4 − E5) =
( |~p4|
E4
+
|~p4|
E5
)−1
δ(~p4 − ~p4,CM). (316)
Then, for angle-independent |M3→2|2 and E1 ' m1, E2 ' m2 and E3 ' m3, we obtain
(σv2) =
1
32piE1E2E3
|~p4,CM|√
s
|M3→2|2
' |M3→2|
2
64piE1E2E3
√
1− (m4 −m5)
2
(m1 +m2 +m3)2
√
1− (m4 +m5)
2
(m1 +m2 +m3)2
. (317)
44
For m1 = m2 = m3 = m4 = m5 = m, it becomes
(σv2) '
√
5
192pim3
|M3→2|2. (318)
We can compare with the formula for 2→ 2 processes,
(σ|v|) = 1
64pi2E1E2
∫
dΩ
|~p4,CM|√
s
|M2→2|2 = 1
16piE1E2
∫
dΩ
|~p4,CM|√
s
|M2→2|2. (319)
In this case, for m1 = m2 = m and ignoring the masses of the final states, the 2→ 2 annihilation
cross section in the non-relativistic limit is
(σann|v|) '
√
5
32pim2
|Mann|2. (320)
Similarly, the cross section for self-scattering cross section is
σscatt =
1
64pim2
|Mscatt|2. (321)
8.3.3 Kinetic equilibrium
The temperature of dark matter is defined as
TDM =
2
3
〈
p2
2m
〉
=
1
3
m〈v2〉. (322)
If dark matter is in kinetic equilibrium with the SM plasma, dark matter temperature is the
same as photon temperature. Otherwise, dark matter temperature evolves in time differently from
photon temperature.
In the presence of the annihilation and elastic scattering of dark matter, the change of kinetic
energy (or transfer of excess kinetic energy into the SM plasma) is given [63] by
K˙ = Kann
n˙
n
+ Tγ(T )
' −Kann mHT−1 + Tγ(T ) (323)
where n˙
n
' n˙eq
neq
' −m
T
H, and Kann is the kinetic energy released per DM annihilation, given by
Kann = T for WIMP and Kann = m for SIMP, and γ(T ) is the momentum relaxation rate [63, 64]
for DM-fi elastic scattering with gi being the number of degrees of freedom,
γ(T ) =
gi
6mT
∫
d3p
(2pi)3
fi(1± fi) |~pi|
Ei
σT,i (324)
with
σT,i =
∫ 0
−4p2
dt (−t) dσi
dt
,
dσi
dt
=
1
64pim2k2
|MXfi→Xfi |2. (325)
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The kinetic equilibrium condition is
γ(T ) =
mKann
T 2
H =

(
m
T
)
H, WIMP(
m
T
)2
H, SIMP.
(326)
We note that the transfer of kinetic energy per DM scattering is Kscatt =
q2
2m
∼ T 2
m
, so the number
of scatterings to absorb the DM kinetic energy is Kann/Kscatt ∼ m/T for WIMP and ∼ (m/T )2
for SIMP. Thus, we need m/T times more scatterings for SIMP than for WIMP. We have an
approximate formula for Tγ(T ) ∼ 〈nSMσscatt|v|Kscatt〉 ∼ 〈nSMσscatt|v|T 2/m〉.
Problem: Compute the momentum relaxation rate for a complex scalar dark matter φ with
mass m that is charged under a dark U(1). Here, we assume that the dark gauge boson Xµ has
mass mX and has a kinetic mixing with the SM hypercharge gauge boson by Lmix = −12 ξBµνXµν
where Xµν = ∂µXν − ∂νXµ.
8.3.4 Forbidden dark matter
Forbidden dark matter relies on 2 → 2 annihilation processes that are kinematically forbidden
at zero temperature but available at high temperature [53, 59]. Then, forbidden channels can
determine the relic density in the early Universe, provided that the corresponding 2 → 2 cross
section is large enough.
When dark matter χ is lighter than a hidden sector particle, such as dark gauge boson Z ′, with
mass mZ′ > mχ, the Boltzmann equation for nχ = nχ∗ = n/2 containing the forbidden channels is
dn
dt
+ 3Hn = −1
2
〈σ|v|〉χχ∗→Z′Z′n2 + 2〈σ|v|〉Z′Z′→χχ∗(neqZ′)2. (327)
The detailed balance conditions at high temperature leads to the cross section for forbidden chan-
nels,
〈σ|v|〉χχ∗→Z′Z′ = 4(n
eq
Z′)
2
(neq)2
〈σ|v|〉Z′Z′→χχ∗
= 9(1 + ∆)3e−2∆x 〈σv〉Z′Z′→χχ∗ (328)
with ∆ ≡ (mZ′ −mχ)/mχ.
We can rewrite the Boltzmann equation with the detailed balance conditions, (328), as follows,
dY
dx
= −ζx−2
(
9
2
(1 + ∆Z′)
3e−2∆x Y 2 − 2(Y eqZ′ )2
)
(329)
with
ζ ≡ s(mχ)
H(mχ)
〈σ|v|〉Z′Z′→χχ∗ . (330)
Then, when Z ′Z ′ → χχ∗ is s-wave, the approximate solution to the Boltzmann equation (329) is
given by
Y∞ ≈ xf
ζ
e2∆xf g(∆Z′ , xf ) (331)
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with
g(∆, xf ) =
[
9
2
(1 + ∆)3
(
1− 2(∆xf ) e2∆xf
∫ ∞
2∆xf
dt t−1e−t
)]−1
. (332)
Consequently, the relic density is determined to be
ΩDMh
2 = 0.2
( g∗
10.75
)−1/2(xf
20
)
g(∆, xf )
(
1 pb
e2∆xf 〈σ|v|〉Z′Z′→χχ∗
)
. (333)
Then, the 2 → 2 annihilation cross section can be large, due to the inverse of the Boltzmann
suppression factor, e2∆xf , being compatible with the relic density. In this case, the self-scattering
cross section for χχ∗ → χχ∗ can be also large.
9 Conclusions
We have given an overview on the theoretical problems in the SM and the basics of supersymmetry
suggested as a solution to the hierarchy problem. We have also touched upon some key points
of new recent proposals for the hierarchy problem and discussed the production mechanisms for
thermal dark matter such as WIMP, SIMP, etc. Interestingly, new dynamical degrees of freedom in
each of the proposals play the role of a bridge in connecting to dark matter physics, being testable
at the future collider and cosmology frontiers.
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